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Proportional Reasoning (Part 1)

Welcomel!

Congratulations on deciding to continue your learning! We are happy to share this study
packet on proportional reasoning. We hope that these materials are helpful in your efforts to
earn your high school equivalency diploma. This group of math study packets will cover
mathematics topics that we see on high school equivalency exams. If you study these topics
carefully, while also practicing other math skills, you will increase your chances of passing the
exam.

Please take your time as you go through the packet. You will find plenty of practice here, but
it's useful to make extra notes for yourself to help you remember. You will probably want to
have a separate notebook where you can recopy problems, write questions, and include
information that you want to remember. Writing is thinking and will help you learn.

After each section, you will find an answer key. Try to answer all the questions and then look
at the answer key. It's not cheating to look at the answer key, but do your best on your own
first. If you find that you got the right answer, congratulations! If you didn't, it's okay. This is
how we learn. Look back and try to understand the reason for the answer. Please read the
answer key even if you feel confident. We added some extra explanations and examples that
may be helpful. If you see a word that you don't understand, try looking at the Vocabulary
Review at the end of the packet.

We hope you share what you learn with your friends and family. If you find something
interesting here, tell someone about it! If you find a section challenging, look for support. If
you are in a class, talk to your teacher and your classmates. If you are studying on your own,
talk to people you know or try searching for a phrase online. Your local library should have
information about adult education classes or other support. You can also find classes listed
here: https://www.acces.nysed.gov/aepp/find-adult-education-program.

You are doing a wonderful thing by investing in your own education right now. You have our
utmost respect for continuing to learn as an adult.

Please feel free to contact us with questions or suggestions.
Best of luck!

Eric Appleton (eric.appleton@cuny.edu) & Mark Trushkowsky (mark.trushkowsky@cuny.edu)

CUNY Adult Literacy and High School Equivalency Program
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Proportional Reasoning (Part 1)

Overview

Prerequisites There are no prerequisites to Proportional Reasoning, Part 1. As long as you
are able to read this packet independently, you don't have to study any
other math packets first.

Students should complete Proportional Reasoning, Part 1 before working
on Proportional Reasoning, Part 2.

Connections Students can find more opportunity to practice using ratios and
proportions in the Fast Track GRASP Math Packets, Being Counted:
Probability & Statistics, Parts 1and 2.

In this packet, you will explore concepts in proportional reasoning, including ratios, rates, and
proportions.

In Part 1, you will study the following topics:

Part-whole, part-to-part ratios, and rates
Equivalent ratios

Double number lines, ratio tables, and bar models
The language of proportional reasoning

In Part 2, you will build on what you learned in Part 1, and study the following topics:

e Connections between ratios, fractions, percents, and decimals
e Making comparisons between ratios
e Solving proportions

In addition to the learning the topics above, you will find the following materials to help you:

e High School Equivalency Test Practice Questions. You will practice the concepts you
have learned from this packet to work on these questions.

e A graphic organizer to study vocabulary is included, along with a vocabulary activity to
review concepts. A glossary with important terms from this packet is also included for
your study.

e Concept Circles can help you make connections between the concepts you have
learned and help you remember those connections.
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Assessment Questions

Calculator allowed

The following questions will help to see if this packet is right for you. Do your best to answer
each question. If you can't answer, don't worry—this packet will help you answer questions
like these and more. When you are finished with the questions, read our recommendations.

Question 1

Tickets for a baseball game cost $60 for a family of 5. Adult and youth tickets cost the same

amount. Based on this information, decide whether each statement is TRUE or FALSE.

TRUE

FALSE

2 tickets cost $24.

For $40, you can buy 4 tickets.

The cost is $12 per ticket.

The cost for 10 tickets is S65.

Question 2

It takes Mildred about 3 minutes to walk
2 blocks. A point has been plotted in the
coordinate plane to represent this
situation.

A. Plot a second point that
represents an equivalent ratio.

B. Explain what the coordinates of
the point you plotted represent.
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Proportional Reasoning (Part 1)

Question 3

Julia uses a photocopier to enlarge a business logo. The original dimensions of the logo were
2" by 3". Which of the following could not be the dimensions of the enlargement?

A. 4"by 6"
B. 4"by5"
C. 6"by9"

D. 8" by 12"

Question 4

The price of Gina's dinner before tax and tip was $20.00. The restaurant added 10% tax to
the bill, then Gina left a $3.00 tip. How much did Gina pay for her dinner in total?

A. $22.00
B. $24.00
C. $25.00

D. $33.00
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Answer Key

Question 1.
TRUE FALSE
2 tickets cost $24. X
For $40, you can buy 4 tickets. X
The cost is $12 per ticket. X
The cost for 10 tickets is $S65. X
A
Question 2. 10 -
[;l =
A. (6,4) and (9, 6) should be the most E =1
common correct answers, but any points = 2 &
= Y
along the line would also be correct. ¥ = 51
=z 4 '
B. The student’s explanation should show E 3
that they understand that the x value 1 ] T
represents the time that it takes Mildred to B S N S e S e
walk y blocks. For example: It takes Mildred LA 41.;"“‘“ Ll
6 minutes to walk 4 blocks. (in minutes)

Question 3. B

Question 4. C
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Recommendations

Consider the following when making a decision about working through this packet:

e Student has some difficulty with Question 1 or 2: The student may choose to work
through Proportional Reasoning, Part 1.

e Student has some difficulty with Question 3 and 4: If a student comfortably answers
Questions 1& 2, but has some difficulty with Questions 3 and 4, the student may feel
confident enough to skip Proportional Reasoning, Part 1 and go directly to Proportional
Reasoning, Part 2.

e Student comfortably answers all four questions: The student may choose to work on
a different packet. However, it is recommended that students complete the Test
Practice Questions in Proportional Reasoning, Part 2 for questions that require students
to interpret a variety of proportional situations before they take the HSE exam.

This assessment asks students to demonstrate understanding of:

Question 1 (from Proportional Reasoning, Part 1): Compute unit rates, solve real-world
problems using ratios or proportions (GED Quantitative Problem Solving Assessment Targets
Content Indicator: Q.3.a, Q.3.c).

Question 2 (from Proportional Reasoning, Part 1 and 2): Compute unit rates, locate points in the
coordinate plane, interpret unit rate as slope (GED Algebraic Problem Solving Assessment
Targets Content Indicators: A.5.a, A.5.c, Q.3.a)

Question 2 (from Proportional Reasoning, Part 1): Compute unit rates, solve real-world
problems using ratios or proportions (GED Quantitative Problem Solving Assessment Targets
Content Indicator: Q.3.b).

Question 3 (from Proportional Reasoning, Part 1): Compute unit rates, solve real-world
problems using ratios or proportions (GED Quantitative Problem Solving Assessment Targets
Content Indicator: Q.3.d).
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Vocabulary

It is important to understand mathematical words when you are learning new topics. The
following vocabulary will be used a lot in this study packet:

convert, decimal, equivalent, proportion, quantity, rate, ratio, relationship

When we learn new vocabulary, it is good to think about your experience with the word.
Asking questions like, “Have | heard this word before?”, “When have | heard this word?”, “What
do | think this word means?” can help you build on what you already know.

Here's how it works. On the next page, you'll find a chart with each of the vocabulary words
above. For each word, ask yourself how familiar you are with the word. For example, think
about the word “area.” Which of these statements is true for you and your experience with
the word “area”?

e | know the word “area” and use it in conversation or writing.
e | know the word “area,” but | don't use it.
e | have heard the word “area” but I'm not sure what it means.
e | have never heard the word “area” at all.

In the chart on the next page, read each word and then choose one of the four categories
and mark your answer with a ¢/ (checkmark). Then write your best guess at the meaning of
the word in the right column. If it's easier, you can also just use the word in a sentence.

Here's an example of how the row for “area” might look when you're done:

| have heard the
| know the | know the ) My best guess at the
word, but I'm | have never )
Word word and word but meaning of the word
. ) not sure what | heard the word .
use the word don't use it . (or use the word in a sentence)
it means
A place or location, like o
area v ,
neighborhood or town

This activity is designed to help you start thinking about some of the important words you
will find in this packet. As you go through the activities in this packet, you will learn more
about these words, what they mean, and how to use them. You will learn more precise
definitions that may come up during your high school equivalency exam.
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There is a glossary with the definitions of useful vocabulary at the end of the packet.

diysuonejal
onel
ajel
fAnuenb
uonodoud
Jusjeainba
|[ewioap
JSAUOD
PIOM

ploM a3 asn
pue piom
SIY} MOUY |

}1 3sn juop
g piom
SIL} mouy |

SuBaL
yeym
2Ins JoU W
1Nq ‘pIom Siy}
pleay aney |

pioM
Siy} preay
12A3U aney |

sueaul
pJom s1y) yeym Je ssanB 1sag A

©2024 The City University of New York Adult Literacy/HSE/ESL Program (http://literacy.cuny.edu). This work is licensed 10
under Creative Commons Attribution-NonCommercial 4.0 International (CC BY-NC 4.0). V.1.1, 06/12-/2024


http://literacy.cuny.edu

Proportional Reasoning (Part 1)

Multiplication Warm-up

Understanding multiplication is important to understanding proportions and ratios, but it’s
okay if you don't have multiplication facts memorized. You can still learn all kinds of math!

1) Fillin the missing numbers in the multiplication table below.

X|112|3|4|5]|]6]|7]|8]9]|10]11]12
1111234 |5|6|7 |89 ]|101]12
2 4 8 12 16 20 24
3|3 9 15 21 27 33

4 8 16 24 32 40 48
5|5 15 25 35 45 55

6 24 48 72
7

8 16 48 80

9

10 40 80 120
11 33 99

12 24 48 72 96 120 144

2)  What strategies did you use to find out the missing numbers?

Multiplication By Heart at Mathigon.com (https://mathigon.org/multiply) is a great way to
practice multiplication.
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Proportional Reasoning (Part 1)

Multiplication Warm-up - Answer Key

1)

ojofojo0|loO0fO0O|l O]J]O]O|J]O|]O0O|O0O|O

1 o 1 2 3| 4 5| 6 7| 8| 910N

2 O| 2 4| 6| 8| 10| 12| 14| 16| 18| 20| 22

3 o 3 6| 9| 12 15|18 21| 24| 27| 30| 33

4 O| 4| 8| 12| 16| 20| 24| 28| 32| 36| 40| 44

5 O| 5| 10| 15| 20| 25| 30| 35| 40| 45| 50| 55

6 O| 6 12| 18| 24| 30| 36| 42| 48| 54| 60| 66

7 O| 7| 14 21| 28| 35| 42| 49| 56| 63| 70| 77

8 O 8| 16| 24| 32| 40| 48| 56| 64| 72| 80| 88

9 O 9| 18| 27| 36| 45| 54| 63| 72| 81| 90| 99

10| 0| 10| 20| 30| 40| 50| 60| 70| 80| 90 | 100| 11O

1" O M| 22| 33| 44| 55| 66| 77| 88| 99| 10| 121

2)  There are different strategies we can use to find the missing numbers. You might add
the same number as you go down or across. Or you might see patterns in the numbers
that help you fill in the table. Or you might have some of these muiltiplication facts
memorized. You don't have to have them memorized, but it can be helpful.
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Introduction to Proportional Reasoning

A typical day is full of ratios and proportions.

Imagine waking up and pouring yourself a bowl of granola. One
serving of granola is % cup and has 150 calories. Some of us keep
track of how many calories and nutrients we take in. If | have 1
cup of granola, how many calories am | consuming? How much
sugar? How many grams of protein? The Nutrition Fact labels on
our food are full of ratios and proportions that can help us keep
track of the food we eat.

Maybe after breakfast, we take a shower. If your shower uses
about two gallons of water per minute, how much water do you
use in 10 minutes? If you take a 10-minute shower every day,
how much water do you use in a week?

Ratios help us get where we are going. After getting dressed,
some people drive to school or work. The speedometer
measures your speed in a ratio (miles per hour). The price of gas
is also a ratio. On the sign below, gas costs $3.43 per gallon. This
ratio is very important in household economics!

3040506070 _
20 e 50%
| ) 5 90
h 100

speedometer in a car

Nutrition Facts

Serving Size 14 cup (33g)
Servings Per Container 8.5

Amount Per Serving

Calories 150 Calones from Fat 70

%, Daily Value®

Total Fat Bg 12%
Saturated Fat 2g 10%
Trans Fat Og

Cholesterol Omg 0%

Sodium 35mg 1%

Total Carbohydrate 189 6%
Dietary Fiber 2g 8%
Sugars Tg

Protein 3g

[

Vitamin A0% .« Vitamin C 0%

Calcium 2% . lron 6%

Parcant Dady ‘el o Saad on & 7 000 caion del

nutrients in our food

the price of gas

Some people ride a bike to work. If you ride a bike at a speed of 10 miles an hour for how far

did you travel? We can use proportional reasoning to find out.

When resting, my heart rate is about 70 beats per minute. A friend wears a Fitbit in yoga
classes so that he can look at his heart rate data after class. His heart rate went up to 150
beats per minute in a difficult class! There are many ratios related to fitness and health. Your
heart rate is how many times your heart beats per minute. That is a ratio. You can count your
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heart beats for 15 seconds or 30 seconds and still figure out how
many times it beats in 1 minute.

After work, we might stop at a grocery store to buy food and
ingredients for a cake. The price of produce is often shown as a
ratio. According to this sign, you can buy 4 lemons for $2.

Our recipe for sponge cake calls for eggs, sugar, flour, and
lemons. The ingredients are all in proportion to each other. The lemons for sale
recipe below is for one cake. If we need to make three cakes,

how much will we need of each ingredient?

45. Plain Sponge Cake.—The ideal proportions for a sponge
cake are given in the accompanying recipe and upon these propor-
tions the other recipes are based.

PLaix Sronce Caxe

4 epgs 1 c. flour
1 c. sugar Juice and rind of § lemon

part of a recipe from a cookbook

Ratios and proportions are one of the most important types of math that we study in adult
basic education, since we use this kind of thinking in our daily lives. When we think about
rates, fractions, percents, and decimals, we are using proportional reasoning. We see ratios
everywhere. Understanding them will make you more powerful using math. They are also an
important part of the high school equivalency math exam.

In this packet, we will explore how to make sense of ratios and proportions in the world. We
will practice thinking about ratios so that you do not have to memorize any tricks to solve
proportions. All you have to do is use your good thinking brain. IYou will practice reasoning,
which is the process of using logic to arrive at a conclusion. We will practice reasoning with
ratios and proportions, using the information we have and applying it to different situations.

In Part 1 of this packet, you will practice creating different kinds of ratios. Then you will learn
about making equivalent ratios. Making ratios that are equivalent to each other is an

important part of thinking about proportions. You will use double number lines, ratio tables,
and bar models to understand equivalent ratios. We will also learn what ratios look like on a

graph.
In Part 2 of this packet, you will make connections between ratios, fractions, percents, and

decimals and make comparisons between ratios. Then you will solve proportions using what
you have learned about equivalent ratios.
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Sequences

A sequence is a list of things in order. Sometimes, a sequence can be a list of numbers, but it
can also be a series of pictures.

The pictures below show the first three steps in a sequence. Look for a pattern, then draw
steps 4 and 5.

Example:
o (1] 000 0000 00004
® o0 00 0000 00000
1 2 3 4 5
® o0 000
o o0 000
® o0 000
® o0 00
3) i 2 3 4 5
VY, VAVAY,
& VY VAVAY
& VAN VANV AN
4) 1 2 3 4 5
009
o0 00
® o0 000
5) 1 2 3 4 5
©2024 The City University of New York Adult Literacy/HSE/ESL Program (http://literacy.cuny.edu). This work is licensed 15
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(ON0'E

6) 1 2 4 5

1 2 3 4 5
7)
8) 1 2 3 4 5

®
® o0
® o0 000

9) 1 2 3 4 5
10) 1 2 3 4 5
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Proportional Reasoning (Part 1)

These are dollar bills ($1.00).

11) 4 5
This is a nickel (S0.05).

This is a dime ($0.10).
12) 3 4 5

These coins are quarters ($0.25 each)

sos - -
13) 1 4 5
©2024 The City University of New York Adult Literacy/HSE/ESL Program (http://literacy.cuny.edu). This work is licensed 17
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Write in the missing numbers on the number lines below.

—

| l

I |
1 2
16) 4 4
Complete these sequences by writing in the missing numbers.

17) 2,4,6, : , , : , , 20,22, ...

18) $0.75,$1.50, $2.25, : . : ,$6.00, $6.75, ...

19) 15,3, 45, . . . . ,13.5,15, ...

20) 14, 24, 3=, . . . 10, 1, ..

21) 24 is the second term in this sequence: 12, 24, 36, ...
What is the sixth term in the sequence?
3 . : o o1 2 3 4
22) - IS the third term in this sequence: 5 g 8
What is the ninth term in the sequence?

To play a game with more sequences, try What Comes Next? at

https://bit.ly/whatcomesnextgame.
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Introducing Ratios

A ratio is a comparison between two or more numbers. It is a relationship between two
quantities. Here are some examples of ratios that we might see in the world around us:

Shopping: 2 apples for 1 dollar Currency: 17.5 Mexican pesos for 1 U.S. dollar
Nutrition: 140 calories for 2 cookies Speed: 60 miles per hour

Wages: $16 per hour Fuel efficiency: 30 miles per gallon
Measurement: 12 inches per foot Health: 70 heartbeats per minute
Photography: 4 inches by 6 inches Sports: 221 free throws out of 237 attempts

As you can see, ratios are used in many different situations. Each of the ratios above compare
one thing to another.

In this section, we will practice using different ratios to describe situations. For example, look
at this collection of shapes:

O O O

Here are a few ways we could describe the collection:

e For every 6 squares, there are 3 circles.
e The ratio of squares to circles is 6 to 3, which can also be written as 6:3.
e The ratio of circles to squares is 3 to 6, which can also be written as 3:6.

You might notice that the shapes are repeated in groups:

This allows us to compare the shapes in new ways:

e There are 2 squares for every 1 circle.
e Thereis 1circle for every 2 squares.
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Look at the collection of fruit and complete the sentences below.

23) The ratio of apples to bananas is

24) The ratio of oranges to apples is

25) For every bananas, there are oranges.

Below, each of the groups of shapes show the ratio of 3:2, and the whole set of groups
together also shows the ratio of 3:2.

————————————————————————————————————————————————————————

Complete the sentences below to write more ratios based on the collection of shapes above.

26) The ratio of triangles to circles is 12:

27) Forevery 12 , there are 8

28) For every 3 triangles, there are circles.

29) There are circles for every triangles.
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The ratio 3:2 could be used to describe the relationship between other things. For example, it
could mean 3 cups of flour for every 2 cups of butter in a recipe for cookies, or a soccer team
that wins 3 games for every 2 games it loses, or a ramp that goes over 3 feet for every 2 feet
it goes up.

The ratio 3:2 means a relationship between any two quantities where there are 3 of one
quantity for every 2 of the other quantity.

There are many ratios in cooking and baking. Here is an example of a ratio used when baking.

30) Emilis using a recipe to make 2 loaves of bread for his family. The recipe calls for 10
cups of flour and 6 cups of water.

flour (cups)
water (cups) O O O O O O

Read the statements below and circle all that correctly describe this situation.

A. The ratio of cups of flour to cups of water is 5:3.

B. For every cup of water, there are 2 cups of flour.

C. Thereis 1 cup of flour for every 3 cups of water.

D. For every 10 cups of flour, there are 6 cups of water.
E. There are 3 cups of flour for every cup of water.

F. The ratio of water to flour is 3:5.

31) The recipe above makes 2 loaves of bread. How many cups of flour would Emil need if
he wants to make 4 loaves of bread?

A 4 C. 12
B. 10 D. 20

32) Draw the cups of flour and cups of water needed for 5 loaves of bread.
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Part-Whole and Part-to-Part Ratios

In humans, about 9 people out of every 10 people are right-handed. This is called a
part-whole ratio, since part of the population (the number of right-handed people) is
compared with the whole population (the total number of people).

Ny aflpg P a 0Ap afg .afg .afp .af f\ Y, i
N1 '?;\;I-j‘__,_j A ZL-'{ Y 'JZL-'/ ! X ) 'Qf.,'u '_L-'( R '.I:L-'( Wl ? -~ 'x‘;k-,'-J'.L"( _ %’;Jilf‘,-'lf}'
¥ _— -~ " ] ¥ ] ¥ > [ " o |II ; ;-‘_.- l:l 1/ > | . _.:__ - {'-‘:\.I-.."-I::- _.I:If

"_.l" | ¥ /,a' 1 Pl | F,
Part-whole ratios are written as a fraction (%) or with a colon (9:10).

9 right—handed people
10 total people

= 9 right-handed people out of every 10 people = 9:10

For every part-whole ratio, there is a different part-whole ratio that can be made with the
other part. For example, if 9 out of every 10 people are right-handed, then 1 out of every 10
people is left-handed.

Note: A part-whole ratio is a fraction since it compares part of a quantity to the whole
quantity. A part-whole ratio is a ratio and a fraction.

33) Which of the following shows the part-whole ratio of 1left-handed person out of every
10 people? Select all that apply.

A 1 left—handed person
10 total people

1 left—handed person
9 right—handed people

C. 1left-handed person:10 people

D. 1left-handed person:9 right-handed people

34) If 20 people were randomly chosen and asked which of their hands is dominant, how
many would you expect to be left-handed?

35) If 30 random people were asked, how many would you expect to be left-handed?
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Imagine we flipped 20 pennies and laid out the results on the right.

With a part-whole ratio, we can compare the (/-—
B

number of “heads” to the total number of flips: € \ ¢ ‘\ '\
% )Y

‘ \r“‘j N -_\_.j .;,/ -

11 heads out of 20 flips é". (: R ;' N

\(g}, \'!‘."f \

o 4 .,J __,/

f ' "

11 heads:20 total flips

V,
DO
¢

20 total flips -
&) (f V] E
36) Fillin the blanks. Each example shows the J _j {f __/f -
ratio of the number of “tails” to the total

number of flips.

9 tails out of total flips
tails:20 total flips
tails

20 total flips

37) Which choice shows the part-whole ratio below?

Out of 20 M&Ms, 3 are yellow.

3 17
A 17 C 20
3 17
B. - D. =

38) Which choices show the part-whole ratio below? Choose all that apply.

Out of 20 M&Ms, 4 are green.

A. 4 green:20 total C. 1green:5 total
B. 4 green:16 total D. 20 total:4 green
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If you want to compare the number of left-handed people to the number of right-handed
people, you would use a part-to-part ratio. Here are two examples of part-to-part ratios:

For every 9 right-handed people, For every 1 left-handed person,
there is 1 left-handed person. there are 9 right-handed people.

A part-to-part ratio compares part of the population (left-handed people) to another part of

the population (right-handed people). Part-to-part ratios are often written with a colon (9:1)
9 right—handed people )
1 left—handed person **

but can also be written as a fraction (

Note: Even though it can sometimes look like one, a part-to-part ratio is not a fraction. A
fraction is a part-whole relationship. Comparing part of a quantity to another part of the
quantity is a ratio, but is not a fraction.

Here are some ways to compare the number of left-handed people and the number of
right-handed people:

9 right—handed people
1 left—handed person

= 9 right-handed people for every 1 left-handed person = 9:1

39) Which of the following shows the part-to-part ratio of 1 left-handed person for every 9
right-handed people? Select all that apply.

A 1 left—handed person
10 total people

1 left—handed person
9 right—handed people

C. 1left-handed person:10 people
D. 1left-handed person:9 right-handed people
40) Inasurvey of randomly chosen people, 5 of the people surveyed said they were

left-handed. In the same survey, how many people would you expect to be
right-handed?

41) If 36 people in a random survey were right-handed, how many would you expect to be
left-handed?
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Look at the results of our coin flip again. With a
part-to-part ratio, we can compare the number
of “heads” to the number of “tails”

42) How can we write this part-to-part ratio for
coins? Choose all that apply.

11 "heads"
9 "tails"

A.

B. 11:9

C. 91

11 "tails"
D 9 "heads"

43) Fill in the blanks to show three ways of comparing the number of “tails” to the number

of “heads”
9 tails for every heads
tails: heads
____ tails
11 heads

44) Which choice shows the part-to-part ratio below? Choose all that apply.

In a pack of 56 M&Ms, 9 are yellow and 11 are green.

9 11
A =T C <
9 11
B. = D. L

45) Which choice shows the part-to-part ratio below? Choose all that apply.

In a pack of 56 M&Ms, 9 are yellow and 11 are green.

A. 11green:9 yellow C. 1 green:20 total
B. 9 yellow:11 green D. 9 green:20 total
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46) Think about 10 friends, family members, or classmates. Write down their names.

In this group of 10 people...

..what is the ratio of left-handed people to total people?

..what is the ratio of right-handed people to total people?

..what is the ratio of left-handed people to right-handed people?

..what is the ratio of left-handed people to right-handed people?

47) For each of the following ratios, decide whether it is a part-to-part ratio (PTP) or a

part-whole ratio (PW).

Ratios

part-to-part
or
part-whole

11 “heads” for every 9 “tails”

11 “*heads” out of 20 coin flips

Out of a class of 20 students, 12 students speak more than one language

12 bilingual students for every 8 students who speak only one language

4 blue M&Ms for every 3 yellow M&Ms

42 correct answers for every 8 incorrect answers

42 correct answers out of 50 answers on a test

Out of 20 M&Ms, 3 are yellow

5 M&Mes are brown and 4 M&Ms are green
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Practice your ratio skills with the situation below.

Polly bought a bag of Polygon Pieces and emptied the candies onto a table. They
were in the form of triangles (t), squares (s), pentagons (p), and hexagons (h).

48) Mark the following statements true or false.

Statements

TorF

There are 2 triangles for every 1square.

The ratio of pentagons to triangles is 7:6.

The ratio of hexagons to total candies is %.

There are 7 pentagons out of 20 total pieces of candy.

For every 2 hexagons, there are 3 triangles.

The ratio of squares to total candies is 3:17.

The ratio of triangles to total candies is 13—0

49) Write your own true statement using ratios from Polygon Pieces diagram above.
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50) Look at the image below and put a checkmark next to each true statement.

[J There are 6 spoons for every 8 forks. [J There are 6 spoons for every 14 utensils.
[J The ratio of spoons to forks is 3:4. [J There are 8 forks for every 14 utensils.
[J The ratio of forks to spoons is 8:6. [J The ratio of forks to utensils is 8:14.
[J There are 3 spoons for every 4 forks. [J The ratio of spoons to utensils is 6:14.
51) The ratio 3 spoons:4 forks is a... 53) Theratio 5 apples:15 pieces of fruits is a...
A. part-to-part ratio A. part-to-part ratio
B. part-whole ratio B. part-whole ratio
52) The ratio % is a... 54) The ratio % is a...
A. part-to-part ratio A. part-to-part ratio
B. part-whole ratio B. part-whole ratio

55) There are 16 students total in an adult education class. 12 of these students live in the
Bronx. The remaining students live in Manhattan.

Write as many ratios as you can about the students in this class.
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Rates

A rate is a ratio that shows the relationship between different kinds of quantities. To see the
cost of bananas, we might look at the relationship between pounds and dollars. A price of
$0.50 per pound is an example of a rate which compares dollars and pounds.

Here are some other examples of rates:

$16 per hour 80 heartbeats per minute sales tax rate of 8.875 percent

50 miles per hour 10,000 steps per day 100 megabits per second (Mbps)

We often use the word per when we are working with rates. The word per means “for each” or
“for every. So, being paid “$16 per hour” means 16 dollars for each hour of work.

56) What two quantities are compared in the rate shown on this sign?
A. number of apples and pounds
B. number of apples and dollars

C. quarters and dollars

D. pounds and dollars
57) What two quantities are compared in the rate shown on this gauge?
A. miles and gallons of gas
B. gallons of gas and hours
C. miles and hours

D. minutes and hours

58) What two quantities are compared in the rate shown on this sign?
A. miles and gallons of gas
B. dollars and gallons of gas

C. gallons of gas and hours

D. miles and hours
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Look at the price of oranges shown on the right. This rate
shows the relationship between the number of oranges and
the price in dollars.

SMALL NAVEL
ORANGE
E e

We could use a drawing to show that 4 oranges costs $2:

L2

59) How much would 8 oranges cost?

60) Make a drawing below to show the cost of 12 oranges.

We can also use a double number line to see the prices of different quantities of oranges.
This is an example of a double number line:

oranges
0 4 8 12
| | | | | | |
| | [ | | | |
0 2 4 6
dollars

It is called a double number line because it shows two different quantities at the same time.
The top of the number line shows numbers of oranges. The bottom of the number line
shows the price.

61) What do you notice when you look at the oranges and dollars number line?
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The following information is from the New York State Department of Labor.

Minimum Wage hourly rates effective 1/1/2024 — 12/31/2024

New York City
Large Employers (11 or more employees) Small Employers (10 or less employees)
Minimum Wage $16.00 Minimum Wage $1 6.00
Overtime after 40 hours  $24.00 Overtime after 40 hours $24.00
Long Island and Remainder of
Westchester County New York State
Minimum Wage $16.00 Minimum Wage $1 5.00
Overtime after 40 hours $24.00 Overtime after 40 hours $22.50

If you have questions, need more information or want to file a complaint, please visit
www.labor.ny. gov/minimumwage or call: 1-888-469-7365.

62) What two quantities are compared in the rates shown in this image?

A. hours of work and number of C. large employers and small
employees employers
B. dollars and cents D. dollars and hours of work

63) Write in the missing dollar amounts on the number line.

hours of work

0 1 2 3 4 5 6
| | | | | | |
! ! I ! ! ! !
0 16 32
dollars
These quantities can be written as ratios: 13;116 =22 and —2_ Each of these ratios are
our ' 2 hours 4 hours

equivalent, meaning they have the same value. Though they show different numbers of hours
and amounts of money, they all follow the same hourly pay rate: 16 dollars for each hour of
work.

64) Which of the following ratios is not equivalent to $16/hour?

A. 32dollars:2 hours C. 80 dollars:5 hours
B. 45 dollars:3 hours D. 160 dollars:10 hours
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Introduction to Proportional Reasoning - Answer Key

Sequences
o o0 000 0000 00000
@ o0 000 0000 00000
4 o0 000 0000 00000
@ o0 000 0000 00000
3) 1 2 3 4 5

<& VAV, VAV, VEVEVAY, VAVEVEVAY,
Q)@ ’C?@’C?@ @@@@’Qﬂ‘@ @@U@@U@@ @@@@@@@@@@

1 2 3 4 5
4)
90000
0000 00000
000 9000 20000
o0 00 0000 00000
@ o0 00 0000 00000
5) 1 2 3 4 5
6) 1 2 3 4 5
T v O © O
1 2 3 4 5
7)
8) 1 2 3 4 5
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EEE-!

3) 1 2 3 5
| | l l | | l | |
- | 1 1 | | 1 1 | >
14) 0 3 6 9 12 15 18 21 24 27
- | l l | | l l l l .

| | l l ! ! l |
15) SO $1.50 $3.00 $450 $6.00 S$7.50 $9.00 $10.50 $12.00 $13.50

| | l l | | l | I |
- | 1 1 | | 1 1 | >
0 1 yi 3 1 2 3 1
- = = 1— 1= 1= 2—
s 2 7z s 'z 'z ? 2
16)
This series of fractions could also be written as %, %, %, %, %, %, %, %, %,
17) 2,4,6,8,10,12,14,16,18, 20, 22, ...
18) $0.75,51.50, $2.25, $3.00, $3.75, $4.50, $5.25, $6.00, $6.75, ...
19) 15,3,45,6,7.5,9,10.5,11,13.5,15, ..
1 2 3 1 2 3 1
20) 17, ZT’ 37, 5, 67, 77, 87, 10, 1 T,
21) 72
9 1
22) 5 or 1?
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Introducing Ratios
23) 5:6
24) 45

25) There are two right answers:
For every 6 bananas, there are 4 oranges.
For every 3 bananas, there are 2 oranges.

26) 8
27) triangles, circles
28) 2

29) There are a few right answers:
There are 8 circles for every 12 triangles.
There are 4 circles for every 6 triangles.
There are 2 circles for every 3 triangles.

30) A D,F
3) D
32) Your drawing should show 25 cups of flour and 15 cups of water.
Part-Whole and Part-to-Part Ratios
33) AC
34) 2
35) 3
36) 9 tails out of 20 total flips
9 tails:20 total flips

9 tails
20 total flips

37) B

38) ACD
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39) B,D
40) 45
41) 4
42) Allare correct ways of writing the part-to-part ratio
43) 9 tails for every 11 heads
9 tails:11 heads
9 tails
11 heads
44) A,D
45) A/B
46) Answers will vary.
47)
part-to-part
Ratios or
part-whole
11 “heads” for every 9 “tails” PTP
11 “heads” out of 20 coin flips PW
Out of a class of 20 students, 12 students speak more than one language PW
12 bilingual students for every 8 students who speak only one language PTP
4 blue M&Ms for every 3 yellow M&Ms PTP
42 correct answers for every 8 incorrect answers PTP
42 correct answers out of 50 answers on a test PTW
Out of 20 M&Ms, 3 are yellow PTW
5 M&Mes are brown and 4 M&Ms are green PTP
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48)

Statements TorF

There are 2 triangles for every 1square. T
The ratio of pentagons to triangles is 7:6. T
The ratio of hexagons to total candies is %6. F
There are 7 pentagons out of 20 total pieces of candy. T
For every 2 hexagons, there are 3 triangles. T
The ratio of squares to total candies is 3:17. F
The ratio of triangles to total candies is 1—3’0 T

49) Answers will vary.

50) All of these statements are true.

51) A

52) B

53) B

54) A

55) Answers will vary.

Rates

56) D

57) C

58) B

59) $4

60) You should have six dollar bills in your drawing.

61) There are many things you might notice. A couple things we noticed:

The numbers on the top go up by 4 and the numbers on the bottom go up by 2.
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There are some missing numbers.
Each number on top is twice as much as the number below.

62) D

63)
hours of work

0 16 32 4 & 20 9

0 1 2 3 4 5 6
|
!

dollars

64) B

©2024 The City University of New York Adult Literacy/HSE/ESL Program (http://literacy.cuny.edu). This work is licensed 38
under Creative Commons Attribution-NonCommercial 4.0 International (CC BY-NC 4.0). V.1.1, 06/12-/2024


http://literacy.cuny.edu

Proportional Reasoning (Part 1)

Equivalent Ratios: Making Copies and Splitting Evenly

Equivalent ratios are ratios that have the same value, even though they may look different.

For example, consider the following equivalent ratios:

e A wage of $16 per hour
e A wage of $32 for two hours of work
e A wage of $64 for four hours of work

$16 is not equivalent to $64, but a ratio of $16 for 1 hour of work is an equivalent ratio to $64

for 4 hours of work.

Equivalent ratios are helpful for solving all kinds of problems and can help us with math in

our daily life.

One way to create equivalent ratios is to make copies of the original ratio. For example, the

image below shows three copies of the ratio, 4 oranges for $2.00.

3 copies of the ratio
4 oranges for $2.00 —

The new ratio of 12 oranges for $6.00 is equivalent to 4 oranges for $2.00.

e e ——

A double number line helps us make more ratios that are equivalent to the original price. It is

very similar to a regular number line.! Quantities (humbers) get bigger as you move to the

right and smaller as you move to the left.

aranges
ad A ad M .4 A  ad N W | M ad N
IR SR S R S v B A T SR Yo TN S V'
| | | | | | |
| | [ | | | |
0 2 4 b 8 10 12

dollars

' For more practice with number lines, see Number Lines and the Coordinate Grid.
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A ratio table is another way to make equivalent ratios. Do you see how 4 oranges and 2
dollars are added for each new column?

oranges 4 8 12 16 20 24 28 32
dollars 2 4 6 8 10 12 14 16
Each of these tools can show that % is equivalent to %

In this section, we will use drawings, double number lines, and ratio tables to practice making
equivalent ratios.
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Measurement Ratios with a Double Number Line
For each double number line below, fill in the missing numbers, then answer the questions.

1) Ounces and pounds are measurements of weight. There are 16 ounces in 1 pound.

pounds
0 2 4 6 8
I | | | | | |
I I I I I I I
0 32 64

ounces

2) How many ounces are in 14 pounds?

3)  Which of these statements are true? Choose all that are true.
A. There are 16 ounces for every pound.
B. There are 16 pounds for every ounce.
C. There are 64 ounces for every 4 pounds.
D. There are 5 pounds for every 80 ounces.

4)  Grams and kilograms are measurements of weight. There are 1000 grams in 1 kilogram.

kilograms
0 1 2 3 4
I | I | I | I | I | I | I
I ' I ' I ' I ' I ' I ' I
0 1000

grams

5) How many grams are in 5 % kilograms?
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6) Kilograms are part of the metric system of measurement and pounds are part of the
U.S. system of measurement. We can use ratios to convert (change) from one to the
other. There are approximately 2.2 pounds in 1kilogram.

kilograms
0 1 2 3 4
| | | I | | |
! I I I I I I
0 22 4.4

pounds

7)  Which of these ratios are correct? Select all that are true.

A 1 kilogram C 4 kilograms
" 2.2 pounds " 8.8pounds
1 pound 5 kilograms
B. . D.
2.2 kilograms 5.5 pounds

8) How many pounds would be equal to 5 kilograms?

9) Feetand inches are measurements of length used in the United States. There are 12
inches in 1foot. (These are not drawn to size.)

feet
0 1 2 3 4
I | | | | | |
I I I I I I I
0 12 24
inches

10) Which of these ratios are correct? Select all that are true.
A. 1foot:12 inches C. 36 feet:3inches
B. 24 inches:2 feet D. 5 feet:60 inches

1)  If someone is 6 feet tall, how tall are they if you measure in inches?
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12) Meters and centimeters are measurements of length used in most countries.

meters
0 1 2 3 4
I | I | I | I | I | I | I
I ' I ! | ' I ! I ! I ' !
0 100

centimeters

13) 350 centimeters is equal to how many meters?

14) Centimeters are part of the metric system of measurement and inches are part of the
U.S. system of measurement, but we can use ratios to convert them. 1inch equals
approximately 2.54 centimeters.

inches

0 1
I |
I I

0 2.5

centimeters

15) 8 inches is equal to how many centimeters?

16) Gallons and quarts are measurements of volume. We often use them to measure
liquids such as milk.

gallons
0 1 2
I I | | I I I
] 4
quarts
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17) How many quarts are in 5 gallons?
L . 24
A 14 C

B. 20 D. 100

18) The following diagram is used to remember the relationships between gallons (G), quarts
(Q), pints (P), and cups (C), which are all measurements of volume.

Some ratios in the diagram:

e 4quartsin1gallon (4 Qsin 1G)
e 2pintsin1quart (2Psin 1Q)
e 2cupsinipint(2Csin1P)

What other ratios do you see in this diagram?
Write as many as you can below.
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Making Equivalent Ratios with Ratio Tables

Baking requires attention to detail. It is important to measure
carefully and use the correct amounts of ingredients.
Understanding ratios can help you become an expert baker.

When making bread, many bakers use the following ratio: three cups of water and five cups
of flour to make one loaf of bread.

Imagine that you own a bakery. Since you sell a lot of bread, you have to increase the
amounts in the recipe so that you can make more than one loaf of bread at a time.

19)  Your bakers use the ratio table below to calculate your quantities of flour and water.
Unfortunately, one of the bakers spilled coffee on the paper. Can you replace the
missing numbers?

I
cups of water 3 6 9 12 | |
cups of flour 5 10 15
loaves of bread 1 2

20) How many loaves of bread can you make with 10 cups of flour?

21)  How much flour do you need for 12 cups of water?

22) How much water do you need for 30 cups of flour?

23) One of your regular customer calls with a special order for 10 loaves of bread. Complete
the table below to show how much water and flour you will need.

cups of water 3
cups of flour 5
loaves of bread 1 10
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As we increase the amount of bread we make for the bakery, we can use ratio tables to make
sure that we follow the original ratio of 3 cups of water for every 5 cups of flour. All of the
ratios in our table are equivalent to the original ratio of 3:5. We create equivalent ratios by
multiplying the amount of each ingredient by the same number.

Here is the flour and water ratio table again, starting X 10

3 cups of water /ﬁ‘\

with the ratio

5 cups of flour *
’ cups of water 3 30
Both parts of the ratio % can be multiplied by 10 to cups of flour 5 50
make ten loaves of bread. N
3x10 _ 30 X 10

5x10 ~ 50

If both parts of a ratio are multiplied by the same number, the new ratio is equivalent to the

6 cups of water 30 cups of water
10 cups of flour 50 cups of flour

original ratio. The equivalent ratios of were created with the

ratio table.
24) Which of the following ratios would follow the 3:5 bread recipe for 20 loaves of bread?
A. 23 cups of water and 25 cups of flour
B. 30 cups of water and 50 cups of flour
C. 60 cups of water and 90 cups of flour
D. 60 cups of water and 100 cups of flour

25) If you charge $4.00 per loaf of bread, how much money would you make after you sell
bread made from 20 cups of flour? Explain your answer below.

26) Which of the following ratios does not follow the 3:5 bread recipe?
A. 6 cups of water and 10 cups of flour
B. 12 cups of water and 20 cups of flour
C. 15 cups of water and 30 cups of flour
D

. 21 cups of water and 35 cups of flour
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A cookie recipe calls for three cups of flour for every one cup of sugar. Use this ratio of 3:1to
guide your reasoning below.

27) Complete the table below by determining which of the recipes are correct. Then predict
how the cookies will turn out. (TOO SWEET, NOT SWEET ENOUGH, or PERFECT)

Does the recipe follow
A e; S e the correct ratio? How will the cookies taste?
Flour Sugar
YES or NO
3 1 Yes Perfect
4 2
45 1.5
6 2
7 2
8 4
10 3
12 4
13 6
15 5
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28) Now graph all the points from the previous page. The first recipe has been placed on
the chart.
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29) Look at the graph after you draw all the points. What do you notice?
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Rates: Making Copies with Ratio Tables

Ratio tables allow us to add, subtract, multiply, and divide to make equivalent ratios.
Complete the following tables to make different equivalent ratios.

30) Astoreis selling 4 apples for $3.00. Fill in the blanks in the ratio table below.

add multiply by 2
|I '| Y
apples 4 8 12 20 40 60
dollars 3 6 9
] S/
add multiply by 2

Hint: Try adding columns or multiplying columns by the same number.

31) After driving for 2 hours, you have traveled 100 miles.

hours 2 6 8 9

miles 100 50 250

32) Currency exchange rates allow people to trade money from one country for money from
another country. In December 2023, you could get about 11 U.S. dollars for 10 Euros.

Euros 10 20 40 90 100

U.S. dollars 1 55

33) If you can get 11 U.S. dollars for 10 Euros, how many U.S. dollars could you get for 30
Euros?
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34) In basketball, you get one point when you successfully shoot a free throw into the net.
Stephen Curry from the Golden State Warriors is currently the best free throw shooter in
the NBA. He completes about 90 out of every 100 free throws.

free throws 90 270
completed
free throws
100 200 400 50 450
attempted

35) The U.S. Department of Health and Human Services recommends that Americans eat at
least 2 %2 cups of vegetables per day.

cups of vegetables 2 % 40

N
1N
Ul
(0¢]

days

36) A nurse measures a patients’ heart rate as 20 heartbeats in 15 seconds.

Seconds 15 30 60 75 120

Heartbeats 20 120

37) Spotify pays music artists about $O.003 per stream?.

Streams 1 2 10 20 100 200

Dollars S0.003 | $S0.006

Use the ratio table to find the amount of money for larger numbers of streams.

Streams

Dollars

? A stream is when someone plays the song over the Internet. Spotify pays less than one penny to music artists
each time their song is played. Some musicians have argued that they should receive 1 penny per stream.
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Equivalent Fractions

. . . numerator
The top number in a fraction is called
b (part) T g

the numerator. It is the value of the b

“part” The bottom number in a fraction  denominator _~10 all people
is called the denominator. It is the value (whole)

of the “whole” or the number of parts

the whole is divided into.

left-handed people

When you multiply or divide the numerator and denominator by the same number, the value

of the fraction doesn't change. The new fraction will be equivalent to the original fraction. In

2 . : 1
the example below, —-is equivalent to —-.

38) Fillin the missing values in the ratio table. 39) Which of these equations
is not true?
X 2 X 5 2 X 3 L
TN ™ T TN A. o= 20
1 2 10 5
: B. To0 =50
10 20
2 15
~ T T~ T T C. 20 ~ 150
X 2 X5 +2 X3
1 10

Multiply the top number and bottom number by any number to create equivalent fractions.
Make sure you multiply the top and bottom number by the same number.

40) Create five equivalent fractions for %. (One has been done for you.)

3 o

4 8

41) Create five equivalent fractions for %

10
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42) Multiply or divide the numerator and denominator by any number to create five

equivalent fractions for %

43) Create five equivalent fractions for %.

44) Which of the following ratios is not equivalent to %?

4 7
A 4 C =
6 9
® 2 D. =5

How do you know?

45) Fillin the missing parts of the fractions to create equivalent ratios.

2 4 5 20

10 45 55

46) Which ratio is equivalent to 1—20 and the other fractions above?

A. 1110 C. 25
B. 1:5 D. 510
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47) Using the digits O to 9 at most one time each, place a digit in each box so that you have
two equivalent ratios.

I | 1 11 I
| [ | L I
I | | 11 I
r===1 r= = =1
| | | |
| | | |
| I | |
- R |

24

3
Here is one solution:T = ?

How many solutions can you find?

This is based on an activity from openmiddle.com, where similar challenges can be found.
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Splitting Ratios Evenly

So far, we have used addition and multiplication to create equivalent ratios. We can also use
division to create equivalent ratios. In this section, we will create equivalent ratios by splitting
the original ratio into equal pieces. To see how this works, we will use double number lines to
represent ratios.

48) Try the following task:

A nurse measures a heart rate of 90 heartbeats in 60 seconds. Use the number line
below to show how many heartbeats there would be in 20 seconds.

seconds
0 60
| |
| |
0 90
heartbeats

We can use the strategy of splitting evenly to find 20 seconds on this number line. The first
step is to measure the distance between O and 60.

seconds This distance shows 60 seconds.
0 A, 60
s N
| |
| |
0 90
heartbeats

We can ask ourselves, “How many pieces 20 seconds long will fit in a distance of 60
seconds?” If we split 60 into three equal pieces, each piece will be 20 seconds long.

seconds
0 60
|| 20 w 20 w 20 |
| ? ? ? |
0 90

heartbeats

How many heartbeats happen in each 20 seconds?
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To find the number of heartbeats in 20 seconds, we need to cut 90 seconds into three equal
pieces as well.

seconds
0 20 40 60
20 | 20 20
30 30 30
0 30 60 90
heartbeats

30 heartbeats .

We can see that 30 heartbeats would happen in 20 seconds. The ratio —;
seconds
90 heartbeats

equivalent to . Our final answer might look like the number line below.

60 seconds
seconds
0 20 60
| | | |
| | | |
0 20 90
heartbeats

Use the number lines below to split the ratios evenly to find new equivalent ratios.

49) A nurse measures a heart rate of 100 heartbeats in 60 seconds. Use the number line
below to show how many heartbeats there would be in 15 seconds.

seconds
0 60
| |
| |
0 100
heartbeats

50) Which of these ratios is equivalent to 100 heartbeats/60 seconds?

A. 50 heartbeats/20 seconds C. 30 heartbeats/20 seconds
B. 20 heartbeats/15 seconds D. 200 heartbeats/120 seconds
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51) A computer printer prints 240 pages in 12 minutes. Use the number line below to show
how many pages it would print in 4 minutes.

minutes
0 12
| |
| |
0 240
pages

52) In December 2023, you could get about 60 Dominican pesos for 1 U.S. dollar (100
pennies). Use the number line to show how many pesos you could get for 20 U.S. cents.

Dominican pesos

0 60

| |

! !

0 100
U.S. pennies

53) We can use your work on the number line above to answer different questions. For
example, how many Dominican pesos would you get for 40 U.S. cents?

54) A grocery store sells 8 tangerines for $3.00. Use the number line below to show the price
of 2 tangerines.

tangerines
0

8
| |
| |

0 3.0

dollars

55) How much would 6 tangerines cost?
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56) A power company charges $75 for 200 kilowatt-hours of electricity. Use the number line
below to show the cost of 40 kilowatt-hours of electricity.

kilowatt-hours

0 200
| |
| |
0 75
dollars

57) Every 30 days, a family pays $2000 rent for a 1-bedroom apartment. Use the number
line below to show the amount of rent for 6 days.

days

dollars

58) In December 2023, you could get about 160 Jamaican dollars for 1 U.S. dollar. Use the
number line to show how many Jamaican dollars you could get for 25 U.S. cents.

Jamaican dollars

U.S. dollars

59) There are 16 cups in 1gallon. How many cups are in % of a gallon? Add labels and missing

numbers to the number line below.
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60) At a grocery store, cheddar cheese costs $6.00 per pound. How much would % ofa

pound cost?

61) How much would % of a pound of cheddar cheese cost?

62) A Mitsubishi Mirage can travel about 400 miles with 10 gallons of gasoline. Add labels
and missing numbers to the number line to show how many miles you could drive with 2
gallons of gasoline.

We can also use ratio tables to split ratios into equivalent ratios with smaller quantities.

63) Try the following task:

A nurse measures a heart rate of 90 heartbeats in 60 seconds. Use the ratio table
below to show how many heartbeats there would be in 2 seconds. (You don't
have to use all of the columns in the table.)

heartbeats 90
seconds 60
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A heart rate of 90 heartbeats in 60 seconds is equivalent to 3 heartbeats in 2 seconds. There
are different ways to show the two ratios are equivalent. Here is one way:

+2 + 5 +3
NS NSy
heartbeats 20 45 q 3
seconds 60 30 & 2

20 45 9
60’ 30" 6'
in a ratio, the value of the ratio doesn't change.

Each of these ratios ( and %) are equivalent. If you multiply or divide each number

64) Show a different way to change % to %

65) There are 960 calories in 12 slices of a brand of cheddar cheese. Show how many
calories are in 3 slices.

slices 12

calories 960

66) A worker makes $1000 in 40 hours. Show how many hours they work to make $200.

hours

dollars
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67) A grocery store charges $5.00 for a gallon of milk. At this price, how much money
would 2 quarts cost? (Hint: There are four quarts in a gallon.)

quarts

dollars

68) At the same price above, how much would 3 quarts cost?

69) Ina 5-minute shower, 10 gallons of water flows down the drain. How much water would
a 2-minute shower use?

70) New York City charges about 1 % cents per gallon for water usage. How much money

does a 15-minute shower cost in NYC? Explain your thinking below.

71) A grocery store charges $6.00 for 5 apples. At this price, how much money would 1
apple cost?

72) At the same price above, how much would 4 apples cost?
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Unit Rates

Unit rates answer the question, “How much (or how many) for one?” The unit rate of 25 miles
per gallon means a car can travel 25 miles on 1 gallon of gas. In a unit rate, one of the
quantities in the ratio is 1. The ratio shows how much of something per 1 unit of something
else.

73) If acar travels 25 miles with 1 gallon of gas, how far would it travel with 3 gallons?

miles 25

gallons 1 3

The unit price is the cost for one item or for one unit of measure. The price per pound is a
common unit price in the United States. Unit price is a kind of unit rate.

74) 1f 1 pound of apples costs $3.00, how much would 5 pounds of apples cost?

pounds 1

dollars 3.00

You can make a unit rate from other kinds of rates. For example, if you were told oranges cost
$2 for 4 oranges, you could figure out that the unit rate is $O.50 for 1 orange, which can be
written as $0.50/orange. This answers the question, “How much money for 1 orange?”

Figure out the unit rate in the examples below.

75)  If 4 pounds of broccoli cost $10.00, how much would 1 pound cost?
+4

pounds 4
dollars 10.00
+4
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76) 1f 10 feet of chain link fencing cost $150.00, what is the unit price per foot?

feet

dollars

The unit price can be used to find the price of different quantities, even if the unit price isn't
given. You can find the unit price, then find the cost of different quantities.

Question: +4 X5

If 4 pounds of broccoli costs N

$10.00, how much would 5

pounds cost? pounds ] ?

Answer: dollars 10.00 2.50 12.5(
Unit price: 1 pound for $2.50

Price for 5 pounds: $12.50 R N

77) If 5 bananas cost $1.00, how
much would 3 bananas cost?

bananas

dollars

78) If 6 pieces of candy cost $1.50, how much would 7 pieces of candy cost?

79) If you earn 150 dollars in 5 hours, how much money would you make in 12 hours?
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There are always two different unit rates when comparing two quantities. For example, look
at the following price:

Chocolate chip cookies

8 cookies for $2.00

In the price, two quantities are being compared: the number of cookies and the number of
dollars. There are two possible unit rates:

The price in dollars of 1 cookie The number of cookies for 1 dollar
+ 8 + 2
Y Y
cookies 8 1 cookies 8
dollars 2 dollars 2 1
e N,
+ 8 + 2
80) What is the price of 1 cookie? 81) How many cookies for 1 dollar?

82) Buying 2 pounds of tomatoes for $3.00:

How much does 1 pound cost? How many pounds do you get for 1 dollar?

83) Walking 20 miles in 5 hours:

How many miles in 1hour? How many hours to walk 1 mile?
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84) Angela can run 10 laps in 30 minutes.

a. How many minutes does it take Angela to run one lap?

b. How many laps does she run per minute?

laps 10 1

minutes 30 1

85) Lin rode a bike 20 miles in 120 minutes. Assuming they rode at a constant speed...

a. How fast did Lin ride in miles per hour?

b. How long did it take Lin to ride 5 miles?

c. How far did Lin ride in 15 minutes?

d. How fast did Lin ride in minutes per mile?

miles 20
minutes 120
hours
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86) Using the digits O to 9 at most one time each, place a digit in each box to make two
equivalent ratios where one of the ratios is a unit rate.

re==1r===1 r=="1
I 11 | l I
I 11 | | I
I 11 I l I
S N R |
I-___|I-___| I-___|
I 11 | | I
I 11 | l I
I 11 | | I
Here is one solution: g—g = %

How many solutions can you find?

This is based on an activity from openmiddle.com, where similar challenges can be found.
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Is It Proportional?

A proportion is a statement that two ratios or fractions are equivalent. Each of the examples
below are proportions:

12 inches 36 inches a9 ) 100 dollars __ 25dollars
1foot ~ 3 feet 2:3=10:15 92 Euros 23 Euros

$16 pay for 1 hour or $32 pay for 2 hours

If 8 oranges cost $2.00, then 2 oranges would cost $0.50.

Tinch

. . RO i s e
1.5 inches 3 inches

If one ratio is equivalent to another ratio, they are proportional to each other.

87) For each of the following, decide whether the two ratios are proportional to each other.
Place a checkmark v next to the ratios that are in proportion to each other.

[J 1 pound of celery for $1.50 & 4 pounds for $6.00

[J A batch of cookies with 3 cups of flour and 1 cup of sugar & a batch of cookies with
2 cups of flour and % cup of sugar

[ rent of $2000/month for 500 square feet & $3000/month for 750 square feet

[J 20 heartbeats in 15 seconds & 60 heartbeats in 60 seconds

[0 $75 for 210 kilowatt-hours of electricity and $15 for 42 kilowatt-hours
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Solve each of the following problems.

88) Theo and Emil are brothers who were born exactly three years apart. When Theo was 2
years old, Emil was 5. When Theo was 6, how old was Emil?

89) Emiland Theo are saving money to buy soccer jerseys. They decide that they will each
put their full allowance of $5.00 per week into their savings. When they start saving
money, Emil already has $20.00 saved and Theo has $10.00. How much does Theo
have when Emil has $60.00?

90) Dan and Lawrence are baking bread using the same recipe. Dan is making a loaf of bread
using 5 cups of flour and 3 cups of water. Since he is making more bread, Lawrence uses
15 cups of flour. How many cups of water does Lawrence need?

91) Andrea and Casey are each planting peas in their gardens. Andrea plants 2 rows and
Casey plants 4 rows. If Andrea’s peas are ready to pick in 8 weeks, how long will it take for
Casey'’s peas to be ready?

92) Only one of the four situations above is proportional. Circle the proportional situation.
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Equivalent Ratios: Making Copies and Splitting Evenly - Answer Key

Measurement Ratios with a Double Number Line

4)

8)

©2024 The City University of New York Adult Literacy/HSE/ESL Program (http://literacy.cuny.edu). This work is licensed

pounds

ounces

224 ounces
A C D

kilograms

0 1
I . I

64 &

I ' I
0 1000
grams

5,500 grams

kilograms

0 1
I |

| I
0 2.2
pounds

1 kilogram
2.2 pounds

4 kilograms
8.8 pounds

11 pounds

4.4 6.6
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feet
0 1 2 3 4 5 G
I I I I I I |
I I I I I I I
0 12 24 G 48 &0 72
9) inches
10) All of these ratios are true.
1)  72inches
meters
0 1 2 3 4 5 (2
I | I | | | | | I | I
I ' I ! | ! ! ! I ! I
0 100 200 300 400 500 &00
12) centimeters
13) 3.50r 3 %A meters
inches
0 1 2 3 4 5 b
I | I I I I |
I I I I I I I
0 2.54 508 762 1006 12.70 15.24
14) centimeters
15) 20.32 centimeters
gallons
0 1 2 3 4 5 &
I | I I I I |
I I I I I I I
0 4 g ' [2 20 24
16) quarts
17) B
18) Answers will vary.
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Making Equivalent Ratios with Ratio Tables

cups of water 3 6 9 12
cups of flour 5 10 15 20 25 30
loaves of bread 1 2 3 t} 5 [
19)
20) 2 loaves
21) 20 cups of flour
22) 18 cups of water
23)
cups of water 3 30
cups of flour 5 50
loaves of bread 1 10
24) D
25) $16.00
26) C
27)
Does the recipe follow
C:E) S:J?f C;E;ac:f the correct ratio? How will the cookies taste?
YES or NO
3 1 Yes Perfect
4 2 No Too sweet
4.5 1.5 Yes Perfect
6 2 Yes Perfect
7 2 No Not sweet enough
8 4 No Too sweet
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Does the recipe follow
Cups of Cups of the correct ratio? How will the cookies taste?
Flour Sugar
YES or NO

10 3 No Not sweet enough

12 4 Yes Perfect

13 6 No Too sweet

15 5 Yes Perfect
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28)
29)
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cups|of sugar
— —
S o,

-
[#]

—_
%]

11

10

perfect!

too sweet
: '] : i { @

3 1 1 1 1 1 1 1 1 += &
not sweet enough

too sweet
2 : i : 1) i L ®-not-sweet-enough:

° perfect!

1 | . e perfect! |

[ perfect!

too sweet

perfect

0 1 2 3 4 5 6 7 8 9 10 1 12 13

There are many things you might notice. Here are a few things we noticed:
All of the perfect ratios of flour to sugar are on the dotted line.

All of the too sweet ratios are above the line.

All of the not sweet enough ratios are below the line.

©2024 The City University of New York Adult Literacy/HSE/ESL Program (http://literacy.cuny.edu). This work is licensed
under Creative Commons Attribution-NonCommercial 4.0 International (CC BY-NC 4.0). V.1.1, 06/12-/2024

14 15
cups of flour

72


http://literacy.cuny.edu

Proportional Reasoning (Part 1)

Rates: Making Copies with Ratio Tables

add multiply by 2
f \ N
apples 4 8 12 20 40 60
dollars 3 6 q 15 30 45
] —
30) add multiply by 2
31)
hours 2 6 8 1 9 5
miles 100 300 400 50 450 250
32)
Euros 10 20 40 50 90 100
U.S. dollars 1 22 44 55 99 110
33) 33 U.S.dollars
34)
free throws
90 180 360 45 405 270
completed
free throws 100 200 400 50 450 300
attempted
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35)

cups of vegetables 2 % 5 10 12 % 20 40
days 1 2 4 5 8 16
36)

Seconds 15 30 60 75 90 120
Heartbeats 20 40 80 100 120 160
37)

Streams 1 2 10 20 100 200
Dollars S0.003 | S0.006 S0.03 S0.06 S0.30 S0.60

Answers will vary for the second table. Try large numbers of streams to see how much money
the music artists make.

Equivalent Fractions

* 2 X5 +3 # 3
T T
1 7 10 5 15
10 20 100 5( 150
S~ T T
38) X 2 X5 +2 X3

39) D
40) Answers will vary.
41)  Answers will vary.

42) Answers will vary.
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43) Answers will vary.
44) C

45) The bottom number is always 5 times the top number.

2 4 9 5 1 20

10 20 45 25 55 100
46) B

47) There are many correct answers. Here are a few more correct answers:

3 _27 4 _ 325 _ 207 &2 4o
1~ 9’1 8'1  4'1 6’

Splitting Ratios Evenly

seconds
0 20 60
| I | |
| | | |

0 30 90
48) heartbeats

seconds
0 15 60

0 25 100
49) heartbeats

50) D

minutes

0 g0 240
51) Pages
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Dominican pesos
0 12 60

0 20 100
52) U.S.pennies

53) 24 Dominican pesos

tangerines
0

0 0.75 3.00
54) dollars

Tl
o

55) $2.25

kilowatt-hours
0 40 200

56) dollars

57) dollars
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Proportional Reasoning (Part 1)

O 40 160
| | | |
| | | !
0 0.25 ]
58) U.S.dollars
OR
Jamaican dollars
O 40 160
| | | |
| | | !
O 25 100
U.5. pennies
gallons ]
0 2 1
| | | | | |
| | | | [ !
0 2 16

59) Cups

60) Either of the following would be correct. Either pounds or dollars can go on top of the

number line.
pounds
O 1/4 ]
| | | |
| | | |
O 1.50 &
dollars
dollars
0 .50 (o
| | | |
| | | |
0 /4 ]
pounds
61) S$S4.50

62) Either of the following would be correct. Either gallons or miles can go on top of the

number line.

©2024 The City University of New York Adult Literacy/HSE/ESL Program (http://literacy.cuny.edu). This work is licensed
under Creative Commons Attribution-NonCommercial 4.0 International (CC BY-NC 4.0). V.1.1, 06/12-/2024


http://literacy.cuny.edu

gallons
O 2 10
| | | | | |
| | | | I !
O 20 400
miles
miles
O g0 400
| | | | | |
! ! ! ! I |
0 2 10
gollons
63) The following page has a possible solution.
64) You might use different strategies.
65) You might use different strategies. There are 240 calories in 3 slices of cheddar cheese.
66) You might use different strategies. The worker would work 8 hours to make $200.
67) You might use different strategies. 2 quarts would cost $2.50.
68) $3.75
69) You might use different strategies. A 2-minute shower would use 4 gallons.
70) $0.45. A 15-minute shower used 30 gallons of water. 30 gallons X 1% cents = 45 cents.
71)  You might use different strategies. Each apple would cost $1.20.
72) $4.80
Unit Rates
73)
miles 25 75
gallons 1 3
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74)
pounds 1 5
dollars 3.00 15.00
75)
pounds 4 1
dollars 10.00 2.50
76)
feet 10 1
dollars 150.00 15.00
77)
bananas 5 1 3
dollars 1.00 0.20 0.60
78)
candy 6 1 7
dollars 1.50 0.25 1.75
79)
hours 5 1 12
dollars 150 30 360

80) $0.25 for 1 cookie

81) 4 cookies for 1dollar
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82) 1pound for $1.50

% pounds for 1 dollar

83) 4 milesin 1hour

1 mile in% hour

84) a.3 minutes for1lap

1 :
b. < lap per minute

laps 10 1 <

minutes 30 3 1

85) a.10 miles per hour (10 miles in 1 hour)
b. 30 minutes
C. 2.5 miles
d. 6 minutes per mile (1 mile in 6 minutes)

This is one way to use the ratio table. You may do it in a different way.

miles 20 10 5 2.5 1
minutes 120 60 30 15 6
hours 2 1 % % %

86) There are many correct answers. Here are a few more correct answers:

15 3 9% _ 2 34 172 _ 3 . 4ore
2007 4" 48 T 1768 ~ 2' 9 4’

Is It Proportional?

87) 1pound of celery for $1.50 & 4 pounds for $6.00
rent of $2000/month for 500 square feet & S3000/month for 750 square feet
S$75 for 210 kilowatt-hours of electricity and $15 for 42 kilowatt-hours

88) 9yearsold
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89) $50.00
90) 9 cups

91) 8 weeks (It doesn't take twice as long for twice as many plants to grow. It takes the same
amount of time.)

92) The bread baking situation is proportional. The other three situations are not proportional.
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The Language of Proportional Reasoning

What Does the Word “Per’” Mean?

The word per is often used when talking about rates. Here are some examples:
15 dollars per hour 70 heartbeats per minute 100 percent

Per means for each or for every. We use per a lot when we talk about driving.

Question: How fast was the car moving?
Answer: 65 miles per hour. This means the car went 65

miles for every 1 hour of driving. Mo 30 60

Question: How much did the gas cost?
Answer: $3.00 per gallon. This means you have to pay ~ 80
$3.00 for each gallon of gas you put in your car.

100975 3H 90
Question: What is your car’s gas mileage? 0 100 <,
Answer: 25 miles per gallon. This means your car travels 25
miles for each gallon in the tank.

The rates for driving speed, cost, and gas mileage above can be written in many ways:

speed cost gas mileage
65 miles per hour $3.00 per gallon 25 miles per gallon
65 miles/hour 3 dollars/gallon 25 miles/gallon
65 mph $3.00/gallon 25 mpg

1)  Complete the following table for the rate of 65 miles per hour.

Hours Driving Distance Traveled
1 65 miles/1 hoor
2 130 miles/2 hoors
3
5
10
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2)  Complete the following table for the rate of 25 miles per gallon. This is a measure of how
far a car will travel with a certain amount of gasoline.
Number of Gallons Gas Mileage
1 25 miles/1 gallon
2
3
5
10
3) Complete the following table for the rate of $3.00/gallon.
Number of Gallons Cost
1 $3.00/1 gallon
2 $6.00/2 gallons
3
5
10
4)  Look up the terms below in an online dictionary. What do they mean?
per annum:
per diem:
per capita:
percent:
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Complete the following matching activity. Connect the quantity on the left with the quantity
on the right. Then use the combined phrase to fill in the sentences below.

heartbeats hour
kilometers person
dollars container
calories mile
eges class
servings day
students minute

5)  The doctor measured the patient's heart rate at 190 ___heartbeats per minvte

6) Kindergarten classes in Albany have an average of 19

7)  Asof 2024, Employers in New York City are required to pay a minimum wage of 16

8) Americans consume about 270 each year.

9)  To understand driving distances in other countries, you can use the conversion rate

of 1.6

10) Moderately active women between 31and 50 years old should consume a maximum of

2,000 , according to the Dietary Guidelines for

Americans.

11)  Packaged snacks often have three or more
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Ratios Written in Different Ways
Once you start looking for numbers written as ratios, you will see them everywhere. Here are
some examples from recent news reports:

e Morethan 1 in 4 high school students are vaping (using e-cigarettes). About 1 in every
10 middle school students currently vape. (Dec. 2019, U.S. News and World Report)

e 7in 10 Americans surveyed say they are still concerned about rising prices for everyday
purchases, down from 83% in the summer of 2022. (Feb. 2024, PR Newswire)

e About % of the New York City high school graduating class of 2018 enrolled in higher

education, such as college or a vocational program. (Nov. 2019, Chalkbeat.org)

e Playing for the Houston Rockets basketball team, James Harden has made 87% of his
free throws this season. (Dec. 2019, SportingNews.com)

e With a batting average of .335, Tim Anderson of the Chicago White Sox had the best
hitting percentage in major league baseball in 2019. (Dec. 2019, ESPN.com)

Each of these values are written in different ways, but they are all ratios:

3
1in4 1in every 10 = 87% 0.335

12) Use a newspaper, advertisements, television, or the Internet to find three examples of
numbers written as ratios.

13) Write one of the ratios in other ways. For example, if it is a percent, change it to a fraction.
Or if itis a fraction, change it to an equivalent fraction.
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What Does the Word “Per” Mean?

1)

©2024 The City University of New York Adult Literacy/HSE/ESL Program (http://literacy.cuny.edu). This work is licensed
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Hours Driving

Distance Traveled

1 65 miles/1 hour
2 130 miles/2 hours
3 195 miles/3 hours
5 325 miles/5 hours
10 650/10 hours
Number of Gallons Gas Mileage
1 25 miles/1 gallon
2 50 miles/2 gallons
3 75 miles/3 gallons
5 125 miles/5 gallons
10 250 miles/10 gallons
Number of Gallons Cost
1 $3.00/1 gallon
2 $6.00/2 gallons
3 $9.00/3 gallons
5 $15.00/5 gallons
10 $30.00/10 gallons
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4)  We recommend Merriam-Webster.com, since it gives examples of words used in
sentences. You could also use Dictionary.com. What did you find out?

heartbeats ~__ hour
kilometers — H_ff_,f—f*’ __—person
_——'—"__-_-'__'__'__-'_ ) _\__\__\_-\__\_—‘——\__\__\_ _,_,.o-'-'f-f .
dollars — :;ﬂii: - container
f"ﬁf _h_ - T
calories — ] a _— T mile

eggs — o A W ~—class
__.-ﬁ--- __—'—-_'_'__:F-__;_;H:__:_:_\_\_-_‘——_

servings — - T day

students — minute

5) heartbeats per minute
6) students per class

7)  dollars per hour

8) eggs per person

9) kilometers per mile
10) calories per day

1)  serving per container

Ratios Written in Different Ways

1) Answers will vary. Please share the ratios you found with us. Email: Eric

(eric.appleton@cuny.edu) and Mark (mark.trushkowsky@cuny.edu)

2)  Answers will vary.
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Vocabulary Review

You can use this section to look up words used in this math packet.

area (noun): The size of a flat surface, measured by counting squares.
equivalent (adjective): Equal in value. Example: % and 0.5 are equivalent.

multiple (noun): A number that can be divided by another number evenly, with no
remainder. 25 is a multiple of 5.

number line (noun): A picture of a straight line on which all numbers can be placed. Numbers
get bigger as you move to the right and smaller as you move to the left.

fraction (noun): A part of a whole amount. % or “one half” is an example of a fraction.

The top number (numerator) shows how many parts we have. It is the value of the “part”
in a part-whole relationship.

The bottom number (denominator) says how many equal pieces the whole is divided
into. It is the value of the “whole” in a part-whole relationship.

per (preposition): for each, for every

The car was traveling 40 miles per hour.

Most showers use 2.1 gallons of water per minute.

The taxi charges S2.75 per mile.

The air pressure in your car tires should be 32-35 pounds per square inch.

percent (noun): A percent is a part-whole ratio which is “out of” 100. Per- means “for every”
and -cent means “100;” so the word percent literally means “for every 100" For example, “5
percent” means “5 for every 100" We use the symbol % to show percent.

product (noun): The result of multiplication. 4 times 5 gives a product of 20.

proportion (noun): a statement that two ratios or fractions are equivalent. This is an example
12 inches __ 36inches
1foot ~  3feet

something compared to something else.

of a proportion: . It can also mean a proper or equal share or the size of

disproportionate (adjective): Larger or smaller size, share, or cost than we expect
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rate (noun): A ratio that compares two different quantities, such as miles and hours (speed) or
dollars and pounds (price).

e The sink was leaking at a rate of %2 an ounce of water per minute.
e The train traveled at a rate of 80 miles per hour.
e The hybrid car gets a gas mileage rate of 50 miles per gallon.

ratio (noun): A comparison between two or more numbers using multiplication or division. It
is a relationship between two quantities.

A part-whole ratio compares part of a quantity to the whole quantity. Example: 9
right-handed people out of every 10 people

A part-to-part ratio compares part of a quantity to another part of the quantity.
Example: 1 left-handed person for every 9 right-handed people.

sequence (noun): A sequence is a list of things in order. Often, a sequence is a list of numbers
in order.

series (noun): A group of things that come one after another
set (noun): A collection of things
term (noun): A number (or other quantity) that is part of a series

unit rate (noun): A unit rate shows how much of something per 1 unit of something else.
Examples: $0.50 per orange, 65 miles per hour, and 25 students for every teacher.

unit price (noun): The cost for one item or for one unit of measure. A unit price is a unit rate
that shows the price of something.
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