Activity 1.1: The World of Codes

In this activity, you play the role of code cracker and try to decode five
messages. Each message is coded with a different process. You may not
be able to crack all of them now. But you will become a better code
cracker as you go through the chapter.

For now, try to find the meaning of as many of the messages as
you can. Later you will have chances to revisit these messages
and apply new techniques for cracking codes.

Message 1 -2

BPWUIA RMNNMZAWV QVDMVBML I EPMMT
TQSM LMDQKM BW KWLM UMAAIOMA

il

i

Message 2
6 19261871023 861717109 6 81310816 914121425
1424 2624109 2520 9102510825 102323202324
1419 82091024 17141610 311421 82091024

Message 3

79635523 6327 833523 2399353911398379 783 833523
59783396359751 157510367 83635163 313915
558779238755 15759 1123 79232359 6359 833523
9563755119 95391923 952311

Message 4

HRKND JDNK GR UIBV EBHF HRLUBHG
KZDFD BAN BHGJBIV BEIN GR HRAANHG :
NAARAD - |

i

@
3
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Message 5

37 229 29 27 23 24 14 14 38 14 21 24 15 28 39 21 23
24 12 18 34 12 27 37 21 17 25" 14 36 38 24 23 32 6 32
30 22 10 27 10 34 41 16 29 25 8 38 28 5 27 21 9 27
38 4 24 33 18 39 37 10 12 21 25 27 38 15 28 29 19 41
38 19 21 24 28 19 4110 18

L. Try to crack one or more of the messages. Prepare to
present your results to the class.

po

. Of the messages you cracked, which were the hardest?
Give reasons for your answer.

3. What makes one coding model better than another?

Before you continue with your coding, decoding, and code
cracking, you should know a few terms:

Code and £1pher can have d;fferem: meanmgs
n'some books, but they have the same mea

: used to encode a message

,“The process of puttmg a message in coded o
form is calied encoding. Taking it from coded

~ form back to pi amtext is caiiac dncodmg or
deaphermg ~ .

ndmg the contents of a message wnthom
 being told how it was coded is ca% edcode
Tbreakmg or coﬁe crackmg v |

‘ refers 1o ‘chﬂ study of Lcdmg
and code br aifma G
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individual Worl 1.1:
Sending Information

1. Recall that not all codes are used for secrecy. Some allow information
to be sent quickly and efficiently. For example, the U.S. Postal Service
uses zip codes to speed the mail. (“Zip” stands for “zone
improvement program.”) The simplest zip code is a five-digit
number. (Some have nine digits; others have eleven.) ’

Zip codes are converted to a series of long

milhmifimalimll <7
and short bars that are read and sorted by o

a machine. The bars for several five-digit I 20078
zip codes are shown in Figure L.1. et bl bl i 19006
a) Find the code for each digit from 0 to 9. Humiiutuliutill 05445

b) Why do you think the Postal Service Figure 1.1,
uses five characters with three short The ars for four zip codes.
bars and two long ones? Could they
have used two short bars .and three long bars instead?

c) If the Postal Service used six bars with one long and five shorts in
each group, how many numerals could be coded?

d) With six bars, how many longs and shorts would have to be used
to cover ten numerals?

e) A good secret code is easy to encode, easy to decode, and hard
to crack. Do you think that zip-code bars would make a good
secret code?

2. Zip codes and universal product codes (UPCs) are common types of
codes. Name other situations in which codes are used.

W

. a) Write a short message. Design a secret code and use it to encode
your message. Explain or diagram the coding process you used.

b) Challenge a member of your family or a friend to decipher your
coded message. Describe the success or failure of the person who
tried to crack your code. Note how long it took for the person to
crack the code or to give up.

4. Julius Caesar was the emperor of the Roman Empire during the first
century B.C. Caesar used a simple coding process called a shift cipher
that replaces each letter of the alphabet with a letter three places
removed.
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A modei for coding that uses: addition or: subtract:on T
shift every letter of the alphabet to another 2
e alphabet is-«called & shift cipher. For. example
ft-of 45 codes the letter C. as the intter H because H ds
e‘tevv, bey@nd C ~ : E

a) How does the shift (+5) cipher code the letters M and Y?

b} Use a shift (+8) cipher to code the first five words of this message:
“Benedict Arnold used a substitution cipher to send messages o
the British in the Revolutionary War.”

'()’1

For parts (a)~(d), use the given shift cipher to code the given letter.
a) shift (+5); Q b) shift (+11); W
o) shift (<8); N d) shift (+26); R

6. Another coding model is a substitution cipher. It replaces words or
letters with other words or letters. The telegram in Figure 1.2 is an
example. It was sent to a Colonel Pelton about the 1876 presidential
race. This message was coded by using replacements for certain
sensitive words..

o e . WEESTERN: XN
The coded message reads: Certificate required to D ool

Moses decision have London hour for Bolivia of just
and Edinburgh at Moselle hand a any over Glascrow
France received Russia of.

a) Make the following substitutions and write the
message that results: replace Boliviz with
proposition, Russia with Tilden, London with T T
canvassing board, France with Governor Stearns, — =
Moselle with two, Glasgow with hundred, Edinburgh
with thousand, and Moses with Manton Marble.

Figure 1.2. The Pelton telegram.

b) The message in part (a) still doesn’t make sense because it was
also coded with a transposition cipher. In a transposition
cipher, the order of the words or letters is changed.

The list below can help you unscramble the message. For
example, the first word of the original message is the
eighteenth word of the coded message, the second word of
the original message is the twelfth word of the coded
message, etc. (Hint: Governor Stearns, Manton Marble, and
canvassing board each count as single words.)

18,12,6,25,14,1,16,11,21,5,19,2,17,24,9,22,7, 4, 10, 8,
23,20,3,13,15

Write the unscrambled message.
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Activity 1.2: Move Over and Stretch

In a shift cipher, every letter in the message is replaced by a
letter that is a fixed number of places from it in the alphabet.
Another way to do the coding begins by giving a position
number to every letter.

" Each letter has a position number from 1——26 based on
its place in the alphabet, as shown in Figure 1.3, The
coded value of the letter is a new number, ‘that resul“t:s

: from app!ymg a codmg procass

The position number of K is 11. A shift of +6 results in a coded
value of 11 + 6 = 17. If the coded value is changed to a letter,
the original K becomes a Q.

1. a) Code the sentence “I know a secret” into a text message _ Figure 1.5,
. i The position numbers of
by using a shift of -3. . the ietters of the alphabet.
o b) Code the same sentence into a numerical code. Replace each
- plaintext letter with its position number. Then use a shift of -3 to
change the position numbers to coded values.
2. Suppose you shift the alphabet more than 26 spaces. For example,
use a coding process that shifts the alphabet +30. How do you code a
letter as another letter?
3. Coding models can be represented in a variety of ways. Figure 1.4
shows an arrow diagram that represents a coding process.
Assign position
r%trzlngber Add 4 :
. - Figure 1.4.
/—\‘«' /___\4 Shift +4 arrow diagram.
Plaintext letter Coded value ‘
a) Describe the coding process.
b) Draw a new arrow diagram representing the same process, but
with letters coded as letters.
LessonTwo 49
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¢) Use an arrow diagram to show a shift of +3 followed by a shift of
+7. Copy Figure 1.5 onto your paper and write the description of
each step above its arrow.

Figure 1.5. e N V"

A three-step ]
arrow diagram. Plaintext letter Coded valie

d) What are some advantages of this representation? That is, would
the coder, decoder, or code breaker find it useful?

4. The arrow diagram in Figure 1.6 shows a new coding process. The
table is a partial representation of the same process.

Assign position
number Multiply by 2
Plaintext ' Coded
letter value

Plaintextletter (A B C!D E | F G

Positionnumber 1 2 3 4 5 6 7

Coded value 2 4 68 1012 14

Figure 1.6,
Arrow diagram Plaintextietter H I J K L M
and table for a new - : :

coding process.

Position number | 8 9 10 11 12 13

Coded value 16 18 20 22 24 26

a) Use this process to encode the word elastic.
b) Why is this cipher sometimes called a stretch cipher?

¢) Draw an arrow diagram to represent a coding process that
stretches the distance between coded values by more than 2. Use
this process to code the word elastic.

d) A stretch cipher was used to encode the word stretch as 76 80 72
20 80 12 32. Describe the coding process.

When a message is coded, a plaintext letter or position number is
matched with a unique coded value or letter. Such a matching process is
used in mathematics for tasks other than coding.
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A function produces a single output from an input. In the
context of codes, the coded value is the output. It results from
applying the coding process to the original position number.
The original position number is the input. In the context of a
business, the input may be the number of items sold and the
output may be the total profit.

5. The table in Figure 1.7 represents part of a coding process.
Does the table represent a function? Explain.

Ju—y
3]
(68
H>
$4]

612 /18| 24 | 30 | Figuet.m.

6. The table in Figure 1.8 shows the ages and heights of the students in
a school’s math club. Does the table represent a function? Explain.

15 18116 117114117 | 18
56.168 |66 | 61160 66|73 Figure 1.8.

7. The arrow diagram in Figure 1.9 represents a shift coding process.

Assign position’
nungber Add 8

/‘"“\‘ /""‘\ Figure 1.9.

E An arrow diagram
Plaintext Coded for a coding process.
letter value

a) Use the arrow diagram in Figure 1.9 to complete the table in
Figure 1.10.

Plaintext letter | A |B|C|D E F |G H I|] K|L M

Original position

. Coded value

Plaintextletter | N /O | P |Q R|S | T | U V WIX|Y I Z Figure 1.10.

Original position

Coded value

b) What are some advantages of the table? That is, would the coder,
decoder, or code breaker find it useful?

8. You have used addition, subtraction, and multiplication to encode
messages. Are there any numbers that can’t be used in these coding
processes? Explain. :
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9. Is it'possible to design a coding process that matches a letter to the
number 4.57 :

People who exchange coded messages must tell each other how they are
coding so that the message can be decoded. Sharing the method is a
classic problem of secret codes. Telling someone you are coding by
“adding 3" requires a brief communication; telling someone you are
coding by an entire table requires a larger one.

People who code and decode often use computers. Computers and
calculators work better with numbers than with letters.

Symbolic forms, which are the topic of Activity 3, are used by computers
and graphing calculators. They allow the calculator to do much of the
work. Symbolic forms are easy to change. Coders often change their
process in order to foil code crackers.

1. Recall from the Preparation Reading that a good coding model uses
a coding process that is simple and is easy to share. Do shift ciphers
and stretch ciphers provide good coding models?

2. In your coding, you left spaces between words alone. What are some
ways to include spaces in the coding?

(€8]

. Why is it better to code a letter as a number rather than as a letter?
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individual Worlc 1.2:
Arrows and Graphs

1 a) Write a message of no more than ten words.

b) Select a number of letters to shift the alphabet. Make a table like
the one in Figure 1.11 for your shift.

Plaintext letter | A B/ C|D E F|GI/H|I J K L M

Code letter

Plaintextletter [N/ O P |Q R S| T U |V WI|X|Y| 7 | Figure1.11.

Code Ietter

c) Use the table to code your message in letters.
d) Code your message in numbers.
2. Code your message from Question 1 using a stretch cipher.
3. Suppose you code by shifting the alphabet +4 followed by a shift of -7.

a) This is a two-step process. Can you shorten it to one step? If so,
how? If not, why not?

b) If you shift by -7 before you shift by +4, are the coded values
different? Explain.

4. Coders often change their method in case a code breaker has
cracked the code. Would changing from a shift (+20) to a shift (-6)
foil a code breaker who has cracked the shift (+20) cipher? Explain.

5. Scientists use two scales to record temperature: Celsius and
Kelvin. You can convert Celsius to Kelvin by adding 273. For
example, 30°C is 303 K. (The degree symbol is not used with
Kelvin.)

a),Convert 83°C to Kelvin.
b) Convert -20°C to Kelvin.

¢) Explain how to change Kelvin to Celsius.

d) How is changing from Celsius to Kelvin like using a shift cipher?
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Figure 1.12.

Figure 1.13.

Figure 1.14.

Figure 1.15.

Figure 1.16.

. An arrow diagram is a visual representation of a process.

a) Explain the process in Figure 1.12 in words.

o T Ty

Location Zip code Bar code

b) Explain the process in Figure 1.13 in words.

Evaporation Rain Runoff

T T T

Lake Creeks and
water streams

¢) Explain the process in Figure 1.14 in words.

Absorbed
Eaten : Digested into blood Eliminated

Food Waste
products

Describe what is wrong with the arrow diagram in Figure 1.15.

Baked Mixed

e

Ingredients Cake

- An arrow diagram can be used to represent a mathematical process.

Suppose that each week you get an allowance of $15.00. From that
$15.00 you must pay $5.00 for your gym class. Draw an arrow
diagram.

Arrow diagrams describe processes. A table shows how symbols and
values are paired. Use the arrow diagram to complete the table in
Figure 1.16.

Add 35

%

An arrow diagram Total miles Total miles
and the related table. (day begins) (day ends)

01 2134 5|6|7
35
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The following information is for Questions 10-18.

A coordinate graph is another way to represent a coding process.

A

F
I

A coordinate graph has two lines that intersect
atright angles. Each line is called an axis. The

_ horizontal-axis is related to a function’s input.
~ Thewertical axis is related to a function’s output. -

The place where the two axes crossis called the
Figure 1.17). .~ ~ o

€—— Vertical axis

iR

Coded value

. . . Horizontal axis
In this chapter, the horizontal axis represents the

Origin
plaintext letter or its position number. The vertical / l
axis represents the coded value or the coded letter.

4

Position number
Every point on a graph is identified with an ordered
pair of numbers called coordinates. The first number represents Figure 1.17.
. oy c o . A coordinate
horizontal position and the second number represents vertical position.

graph for coding.
For example, the coordinates (5, 8) identify the point on the graph with a

horizontal position of 5 and a vertical position of 8 (see Figure 1.18).

2
1
10
55
= 8
>y
o 6
@ 5
=
o 3 Figure 7.18.
§ The graph of {5, 8].

1232567691000
Original position

In the context of codes, a point’s coordinates connect a position
number with a coded value. The point with coordinates (5, 8)
means the letter with original position number of 5 (the input)
is matched with the coded value of 8 (the output).

Note that in Figure 1.18 the description is “The graph of
(5, 8).” Both axes are numbered with scales of one unit for
each square. The vertical axis is labeled Coded value, and
the horizontal axis is labeled Position number.

When no context is stated, the variables x and Y are used to
denote the horizontal and vertical coordinates.

10. For parts (a) and (b), plot the ordered pairs on a
coordinate graph.

a) (3,9), (1,6), (4,2), (7, 6), (5, 0)
b) (-2,5),(3,2),(-3,~1), (4,-2)
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- 11. The graph in Figure 1.19 shows the way a shift cipher codes the first
six letters of the alphabet.

a) Describe the shift cipher in words.

Coded value
W o

b) Does this shift cipher code the letter H as a letter or as a number?

1234567

Position number ¢) Use this cipher to code the word codes.

. d) The word 17 19 16 4 6 20 20 was coded with this shift cipher.
Figure 1.19. ‘ de i s
Part of the graph Decode it.

of a shift cipher. . . . .
12. The arrow diagram in Figure 1.20 represents a coding process.

Assign position
nungber Add>5
Figure 1.20. /__,____\( /,.__.\
laintext letter Coded value

a) Use the arrow diagram to complete the table in Figure 1.21.

Plaintextletter | A/ B I CID | E | F

Positionnumber | 1 | 213 4 /516 Figure 1.21.

Coded value

b) Use a sheet of graph or dot paper (as in Figure 1.22) to make a
graph that represents the coding process for all 26 letters of the
alphabet.

RBEREEREBREER

Figure 1.22.
Graph of coded value
versus original position. 1

Coded value

N30 UT OV N O8O

12345678 91011121314151617181920 212223242526
ABCDEFGHIJKLMNOPQRSTUVWXYZ

Original position
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13.

14.

16.

. If you want a friend to decode your

¢) Describe your graph.
d) How is the graph different if you shift eight instead of five?

e) What are some advantages of this representation? That is, would
the coder, decoder, or code breaker find it useful?

- n .
The graph in Figure 1.23 represents part of a coding process.
21 T T i T
20; - - .
19 ;
18
17
16
15
o 14
2 13
S
T o
5 Fi 1.23
S Z igure 1.22.
5
4
3
2
12345678 9101112131415161718192021222324252%
ABCDEFGHIJKLMNOPQRSTUVWXYZ

Original position
a) Describe how to decide where to draw the next two dots on the
graph.
b) What is the meaning of the point (8, 16)?
¢) Use the graph to encode the word king.

d) The letter C is coded as the number 6. The letter E is coded as the
number 10. Which letter is coded as the number 26?7

a) How would you share the coding process of Question 13 with
another person without using the graph?

b) Explain why the number 15 cannot represent a letter.

¢) Explain how the graph of a stretch cipher
differs from the graph of a shift cipher.

messages, you must share the coding
process. You can use an arrow diagram, a
table, or a graph to do so. Which would you
choose, and why?

The table in Figure 1.24 shows the cost of
sending a package based on its weight.

a) What does it cost to send a 14-pound package? Figure 1.24.
Shipping cost.

b) What does a package weigh if it costs
$8.00 to ship?
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17. The graph in Figure 1.25 represents the cost of renting a power tool.
The cost depends on the number of hours the tool is rented.

a) Use the graph to estimate the cost of renting the tool for 9 hours.

150
140
2130
120 :
£ 10
<
=8
T
=
=0
]
G &
E W
&)
= 60
50
40
30
Figure 1.25.
Equipment-rental cost. 20
10

T 2 3 4 5 € 7 8 9 16 1 1 B
Rental Period (hrs.)

b) About how many hours did you rent the tool if the cost is $55.00?

18. Find a table or graph in a book, magazine, or newspaper. Draw,
photocopy, or cut out the table or graph. Bring it to class to share.
Write a sentence or two explaining the information that the table or
graph conveys to the reader.
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Activity 1.3: Calculator Coding

i

To use a graphing calculator to encode a message, you must first
translate a coding process into a symboli¢ equation.

5/ An équatiém is a rﬁ'”ajzhematécs{ reia{ionship that states
| that two guantities are equal. A symboilic equation is an

. equation that uses only symbols. -

For example, the arrow diagram in Figure 1.26 represents a positive shift
of three units. You add 3 to the original position number to find the
coded value. This statement can be written in the form of a word

equation:
coded value = position number + 3.

Assign position
nunlfber Add 3
//-'__\{ /—__-\{ Figure 1.26.
Original Position Codeq " coding process.
letter number - value

To keep equations brief, a single letter is often used to represent a word
or phrase. Make the following replacements:

e Use the letter ¢ as a coded value
¢ Use the letter p as a position number
Now the equation can be written in symbolic form:
c=p+3.

Names are commonly given to the parts of symbolic equations.

variable is 2 quantity th

The letters ¢ and p are both variables in the equation ¢ = p + 3 because
they represent numbers that change depending on the letter being coded.

‘ ;nch‘angéd:Wh‘ene:ve;rza:vgivétn~, :
es:.calied a control
ontrols” the

/ A constant remains ;
. equation isused. A onstant is'sometir

~ number. in a coding process, a consta
unt.ofa shift orstretch.
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In the equation ¢ = p + 3, the number 3 is a constant. In the equation
¢ = 2p, the number 2 is a constant.

1. a) Write a word equation and a symbolic equation to represent a
shift of +12. :

b) Write a word equation and a symbolic equation for the arrow
diagram in Figure 1.27

Multiply by 6

Figure 1.27. . \
Position Coded
number value

2. For (a)~(d), describe the coding process that each equation

represents.
a)c=p-7
b)c=4p
c)c=p+20
d)c=-3p

Equations can be built using any letters you choose for the
graphing.

the position number of the plaintext letter.

The symbolic equation ¢ = p + 3 becomes Y = X + 3 when a
graphing calculator is used.

given distinct labels. The first equation would be Y, = X + 3. A
second equation, might be Y, = X + 10.

To make a graph on a calculator, you need to do two things:

¢ Enter the equation. On most calculators, only the side of the

variables. But most graphmg calculators use just X and Y when
¢ The variable X represents the input. For a coding process, this is
 The variable Y represents the output, which is the coded value.

Many calculators can draw graphs of several equations at once. |
These calculators attach a number to Y so that the equations can be

equation containing the input (X) is typed. The Y, or Y, is already
displayed on the screen.

¢ Set the window. Enter the minimum and maximum values for X
and Y. Choose these values the same way you would choose the
scales for a graph you draw on paper. It is helpful to choose a
window slightly larger than the values you want to graph. And it
is a good idea to include the coordinate axes. This means
mcludmg the value 0 for both variables in the window.
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3. The equation ¢ = p + 3 can be entered into
a graphing calculator as Y; = X + 3. Since
X represents the position number, the
smallest value for X is 1 (for A) and the
largest is 26 (for Z). When you code using
a shift (+3) cipher, the smallest coded
value is 4 (for A) and the largest value is
29 (for Z).

a) Enter the equation ¢ = p + 3 in the
graphing calculator as Y; = X + 3. Set
your window to Xmin = 0, Xmax = 30,
Ymin = 0, and Ymax = 30.

b) Gr aph the equation. Sketch the screen on your paper.

fY, = X+ 3 and Yy =2X descnbe §mear Tunctions They are

Imear because their graphs are sstraight lines. They are
functions because for each X or original positi
(mput) “there is nxacﬂy one Y or coded value (output).

<

Spec;a terms are usc*d to describe aIE of the possuble mput ,
‘ and output vaiues fora function. :

e The domam is. the collection of af the x~ua ues (mputs}

e The range is: the colinct ion of a the y—va!u°5 {ou‘tpu’ts}

The functson palrs each number from the domam w:th
exactly one number from the 1 range il e

The domain of a linear function like ¥ = x + 3 is all real numbers.
This is because 3 can be added to any real number. The range of
the function is also all real numbers because any real number can
be the result of adding 3 to some other number.

But for most of the coding processes in this chapter, only input
values from 1 through 26 make sense. Thus, the domain for this
situation is different from the domain of the mathematical function:

Domain of the function y = x + 3: all real numbers;
Domain of the coding process ¢ = p + 3: integers from 1 through 26.

When a mathematical function is used to model a real situation,
the context may require a domain that is different from the domain
of the function. In the context of a given model, the domain of the
situation is often a smaller set of numbers than the domain of the
function.
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For a coding process, the range is the collection of coded values and
varies with the coding process used.

4. Now that you have graphed the equation in Question 3, you will use
it to encode letters. For example, to encode P, start with its position
number, 16. Use the trace feature of the calculator to trace to the
point on the graph where X is as close as possible to 16. The Y-value
should be very close to the coded value. Use the graph from

Question 3 to find the coded value for P.

5. Use the calculator and your graph from
Question 3 to encode the word window.

6. Some graphing calculators have a table
feature. The table must be set up before
it can be displayed. For this table, input
values should start at 1 and increase by
units of 1.

a) Make a table for the coding process
¢ = p + 3. When you have the table
you want, scroll up and down to see
more of it.

| L#TR.BAZEL7 bEiZ BO3ELT . b) Use the table to encode the word

range.

7. The graphing calculator allows you to
graph more than one equation at a
time. Keep the first equation you
entered in Question 3 as Y, =X +3.

a) Write a function to represent a
coding process with a shift of 12.
Use Y, for the output variable.

b) Adjust Ymax in the window to
include all the values related to a
shift (+12) cipher.

c) Enter the equation for Y, in the
calculator, and graph it. You should
see two lines on the screen, one for
Y, and one for Y,. Draw a sketch of
the screen on your paper. Label each
line with its equation.

d) Use the calculator and a shift (+12)
cipher to encode the word crypto.
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8. a) Describe how the graph for Y, = X + 3 differs from the graph for

Y,=X+12.
b) Describe how the graph for Y; = X + 3 is similar to the graph for
Y,=X+12,

¢) Examine some graphs for other shift ciphers. In general, what
similarities and differences do you see?

d) What type of coding process might result in a line that is not
parallel to YV, = X + 37

9. a) Describe how the graph for Y; = 2X differs from the graph for

Y, =5X.
b) Describe how the graph for Y; = 2X is similar to the graph for
Y, =5X.

¢) Look at some graphs for other stretch ciphers. In general, what
similarities and differences do you see?

e ;resent r:odm pr'cesses‘

1. How can you recognize a shift cipher from its graph?
2. How can you recognize a stretch cipher from its graph?

3. If a point is on the calculator graph of a coding process, do the
point’s coordinates always represent a (position number, coded
value) pair? Explain.

4. Tables, graphs, equations, arrow dlagrams and graphs or tables on a
calculator are methods that you can use to code messages. List
advantages of each representation.
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fndividual Worl« 1.3:
Coding with Graphs

To use a graphing calculator for coding, you must write the process in a
symbolic form.

For Questions 14, _
a) Write a word equation for the given arrow diagram.
b) Convert your word equation to a symbolic equation.
c) Write your equation in a form that can be used on a calculator.

1. See Figure 1.30.
Subtract 2

%

Position Coded
number value

Figure 1.30.

2. See Figure 1.31.
Multiply by 7

T T

Position Coded Figure 1.31.
number value

3. See Figure 1.32.
Add 4 Add 9

/——\/———\1 Figure 1.32.

Position Coded
number - value

4. See Figure 1.33.
Multiply by 2 Multiply by 3

T T Figure 1.33.

Position Coded
number value

For Questions 5-6,
a) Change the symbolic equation to a word equation.
b) Draw an arrow diagram for the equation.

c) Describe the coding process represented by the equation.
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12. Compare a coding process that adds 3 with one that multiplies by 3.

a) What are the smallest and largest coded values for the addition
process?

' b) State appropriate values for Ymin and Ymax for the addition
process. '

¢) What are the smallest and largest coded values for the
multiplication process?

d) State appropriate values for Ymin and Ymax for the multiplication
process.

13. a) Use a graphing calculator to graph a shift (+3) cipher and a stretch
(+3) cipher on the same graph. ‘

b) What window did you use for this graph?
¢) Describe how the graphs are alike.
- d) Describe how the graphs differ.

e) How can you use the graphs to tell if a shift (+3) cipher and a
stretch (+3) cipher code any letters the same?

14. Figure 1.35 shows four ways to represent the process of computing a
6% sales tax.

GRAPH TABLE

Tax

0.50 0.03

1.00 0.06

1.50 0.09

et
i
=]

2.00 0.12

= 2.50 0.15

Sales tax ( dollars )

o

=

fan)
N\

. ARROW DIAGRAM

— ' ’ Multiply by 0.06
; “ Purchase Sales

005 .00 150 200 750 price tax
Purchase amount ( dollars )

Figure 1.35. EQUATIORN
Four ways to represent a 6% saies tax.

Tax = 0.06 x Price
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5. ¢c=-10p
6.c=p+5

7. The graph for a shift (+5) cipher is not the same as the graph for a
shift (+3) cipher.

a) Explain how the graphs are alike.
b) Explain how the graphs differ.
8. Suppose you code by shifting the alphabet -8.
a) Draw an arrow diagram for this coding process.
b) How do you code the letter B as a number and as a letter?
c) Write the equation you would enter into a graphing calculator.

d) The position number for the letter A is 1 and for Z is 26. The
calculator window must have Xmin =1 or less and Xmax = 26 or
greater. For the shift (-8) cipher, state values for Ymin and Ymax.

9. Suppose you code by stretching the alphabet +4.
a) Draw an arrow diagram to represent this coding process.
b) Code the letter K as a number.
c) Code the letter K as a letter.
d; Write the e;]uation you would enter into a graphing calculator.
e) For the stretch (+4) cipher, state values for Ymin and Ymax.
10. a) Write a symbolic equation for a stretch (+2) cipher.
b) Does this process represent a linear function? Explain.

c) How does the graph of the stretch cipher differ from the .
graph of a shift cipher like ¢ = p + 27 Multiply by 60

11. Distance = (rate)(time) is an equation used to find distance, given . /—\‘
the rate at which an object travels and the time of travel. If a car e Distance

R (hours) (miles)
travels at a constant rate of 60 mph, the equation is d = 60t,
where d is miles and ¢ is hours. The arrow diagram in Figure Figure 1.34.
1.34 shows this relationship. Time ‘and distance arrow diagram.

a) For a trip that lasts 4 hours, what is the range of the distance
function?

b) Graph this equation for all trips that last up to 4 hours.
¢) Find d when ¢ = 3 hours.

d) Find f when d = 130 miles.

e) How does the graph differ if the speed is 50 mph?
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15.

16.

-17.

State which one of these representations you would use to do each of
these. Explain your choice. ‘

a) Find the tax on $2.00.

b) Find the tax on $587.16.

¢) Show that tax increases as the price increases.

d) Show that tax is found by multiplying and not by adding.
e) Compare a 6% sales tax with an 8% sales tax.

Compare the five representations: word description, arrow diagram,
symbolic equation, table, and graph. Which do you prefer for each
of these?

a) To code a word or message
b) To transfer the coding process to a graphing calculator
¢) To share your coding process with someone else

d) To compare two different coding processes to see if they code one
or more letters the same

a) What coding process reverses the alphabet? That is, what is the
equation that codes A as Z,Bas Y, C as X, etc.?

b) Is this a shift cipher? ;
¢) Is any letter left unchanged by this coding process?

d) How does the graph of this process differ from the graph of a shift
cipher like ¢ = p + 2?

e) How is the graph of this coding process similar to the graph of a
shift cipher like ¢ = p + 2?

You have used tables to transform position numbers into coded
values. A table can be written in a form called a matrix. For example,
the numbers in the sales tax table in Figure 1.35 can be placed in a

5 X 2 matrix:

050 0.03
1.00 0.06
1.50 0.09
2.00 0.12
250 0.15

Individual Work 1.3 . _ Lessor: Two
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The dimensions (or size) of a matrix are stated by writing the
number of rows followed by the number of columns. Each of these is
an example of a matrix:

10 =2
5 7 3 128 15 10
[4 2 17 8 9] 12 -4 0 {5 16 27 21}
1 % 5 matrix 3 X 3 matrix 2 X 4 matrix

Two matrices can be added if they have the same dimensions. To add
two matrices, add the corresponding members. For example,

{2 -1 5}_[4 1 —3}(2% (-1)+1 5+<—3)J 6 0 2}

3 2 017 =5 1) 347 24(-5) 041 | |10 -3 1

You can use matrix addition to speed the process of coding a
mesgsage with a shift cipher. You can do matrix addition on a
calculator. These directions apply to most graphing calculators.

a) Use the calculator to code the word matrix with a shift (+5) cipher:
¢ Convert the word matrix to position numbers: 13 1 20 18 9 24.
* Enter the numbers into the calculator as a 1 x 6 matrix.
¢ Name the matrix [A].

* Build another 1 X 6 matrix consisting of all 5s. Name it [B].

Perform the matrix addition [A] + [B] and write the coded
values

b) Use the calculator’s matrix features to code calculator with a shift
(-8) cipher.
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Activity 1.4: Codes in Reverse

Recall that a coding model consists of a coding process and a decoding
process. In Lessons I and 2, you found that a coding model must be easy
to code and decode. Also it must be hard to crack.

1. In order to decode each of these phrases, you must reverse the
process used to code them. Decode each of these messages:

a) This phrase was coded with the process in Figure 1.36.
SBWUAO QCRS

Assi Interpret
posihgg;l Add 14 posf’gon
Figure 1.36. /’———\‘ /’__—\‘ /"_—\‘
i Plaintext Coded Coded
letter value letter

b) This phrase was coded with the process in Figure 1.37.
1524 30 27 17 30 23 13 27 14 13 1112

Plaintextletter A ' B / C /D E F|G/H I | J| K| L M

Positionnumber | 1 |2 |3 /4|5 6 |78 91011 1213

Coded value 16

Plaintext letter N |O | P Q R/ S|T U|/VIW X|Y | Z

Figure 1.37. Position number | 141516 1171819 120121 22 /23,2425 26
% Coded value 24
7
. g ~ ¢) This phrase was éoded with the process in Figure 1.38.
ER 8§ 20 18 21 26 25 10 23 8 20 9 10 24
8
.Eg E d) This phrase was coded with the process ¢ = 3p.
U;l 15 36 15 66 15 42 12 27 21 27 60 78 27 48 9 45 12 15 57
2
! ] 2. Explain how you used the arrow diagram, the table, the oraph and
ABCDEEGHI 1? KL the equation from Question 1 to decode the phrases.
Original position
Figure 1.38.
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The term inverse can be used to describe a process that converts a coded
value back to its position number. For each message you decoded in
Question 1, you used the inverse of the process that was used to code it.

3. Which representation worked best for decoding in Question 1: the
arrow diagram, the table, the graph, or the equation? Explain.

4. Suppose a coding process replaces a letter with its position number
and adds 3. The decodmo process must first subtract 3 and then find
the plaintext letter. The steps are reversed, and the i inverse operations
are used (see Figure 1.39).

CODING —» T
Assi osition
ngt?rr?ber Add 3
Plaintext Coded .
Figure 1.39.
letter value An arrow diagram for both
w »\_____./ coding and decoding.
Match position Subtract 3
to letter
<«— DECODING

a) Use the arrow diagram to encode the letter K.
b) Use the arrow diagram to decode the number 15.
c) What equation are you solving when you decode 157

)
5. a) Figure 1.40 is an arrow diagram of an encoding process. Draw an
~ arrow diagram for the decoding process.

Assi osition
I%x?xr}zber Add 12
T /’_—\{ Figure 1.40.
Plaintext Coded Coding by adding 12.
letter value

b) Suppose you encode by subtracting 8. Describe or diagram the
decoding process.

¢) Suppose you encode by multiplying by 3. Write a decoding
equation.
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individual Worlc 1.4:
Reverse that Process

1. Consider the coding process ¢ = p + 20.
a) Draw an arrow diagram of the coding and decoding processes.

b) Explain how to use your arrow diagram to decode the coded
value 30.

Another way to decode 30 is to solve the equation 30 = p + 20. Your
arrow diagram from (a) gives you a clue as to how to solve this
equation.

e is any value
o

When solving the equation 30 = p + 20, your goal is to isolate the
variable p. Your arrow diagram shows that you can undo the
addition of 20 by using the inverse operation, subtraction of 20. If
you subtract 20 from the right side of the equation, you must
subtract 20 from the left side in order to keep the equation
“balanced.”

30=p+20 Original equation
30-20=p+20-20 Subtract 20 from both sides of the equation
10=p Combine 30 - 20 to get 10 and p + 20 - 20
togetp

The solution is 10. When you repiace p with 10 in the original
equation, 30 = 10 + 20 1s a true statement.

¢) Represent a shift (~12) cipher with an equation.

d) Solve the equation from (c) when the coded value is 4.
Explain how you used inverse operations.

2. For (a)—(f), solve for p.

a)43=p-4 b)14=p+2
¢)5+p=2 d) 5p =35
e)p-7=15 f) 36 =3p
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3. a) When you decode the value 8 that was coded with the
process represented by ¢ = p — 12, what equation do you
solve? What is the solution?

b) How is your solution related to the graph of ¢ = p - 12?

4. Are the pairs (5, 25) and (23, 3) solutions to the equation
c=p+20?

5. When you decode several coded values, it is quicker to use
the decoding equation than to solve a separate equation for
each coded value. For example, if the coding process is

¢ =p + 5, then the decoding process is p = ¢ — 5. To decode a Add 8
coded value like 13, you can replace ¢ with 13 in the decoding %
equation: p = 13 - 5. Position Coded

- number * value
Write a decoding equation for each coding equation. ) »
(Hint: An arrow diagram may help.) Figure 1.41. A coding process.
a)c=2p Plaintext
mC=P“4 . leter
c)c=p+10
dyc=5p

6. Decode each message.

a) The arrow diagram in Figure 141 represents the coding
process for this message:

19 22 23 31 17 22 15 16 23 31 28 23.

E 10

. R Figure 1.42. Part of a coding p'rocess.
b) The equation ¢ = p — 2 represents the coding

process for this message: 3

30

0197102 1731 16 3 18 4
1131717 -1 53 17. %
25

¢) The table in Figure 1.42 represents the 2
coding process for this message: 2

46 18 24 24 16 10 24 32 50 30 42.

d) The graph in Figure 1.43 represents part of
the coding process for this message:

25 6 16 10 25 13 10 18 6 21 6 23 25. %

Coded value

e) Combine the messages from parts (a)—~(d).

Figum 142, 125345678 910nﬁ131415161718192021222324252@
Part of a coding process. ABCDEFGHIJKLMNOPQRSTUVWXYZ

Original position
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7. a) Figure 1.44 shows four representations of the same coding
process. Decode this message:

4152413516 15219224 9132417 17 2 15 11 16.

GRAPH TABLE

Z26 T T R
;52 i T Plaintext’.
W23 , . detter
V2 ; ]
v2 i
T20
s19
R1§
Q1
P16
01
N 14
o MI13
5 L1
" K1
> 710
T 19
H 8
R
O Fs
ES5
D 4
c3
B2 ARROW DIAGRAMN
A1l
Z0
;{ j Subtract 3
W3 /""“'—\{
V-4
U-s \ ] Position Coded
12345678 910111213141516171619202122232425%  number value
ABCDEFGHIJKLMNOPQRSTUVWXYZ
Original position
Figure 1.44. v EQUATION
Four representations of the same coding process. 3
c=p-

b) Describe this coding process in words.

¢) Which representation did you use to decode? Explain why you
chose this one over the other three.

d) What is the domain for this coding process?
e) What is the range for this coding process?

8. a) A decoding process is shown in Figure 1.45. Diagram the coding

process.
CODING —»
. Plaintext Coded
Figure 1.45.
" A decoding process. IEﬁLd/ ‘\————/Value
Match position Subtract 4
to letter
<— DECODING

b) Describe the coding process in words.
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9. The graph in Figure 1.46 represents a shift cipher.

10.

11.

12.

31
30
29

SR W U1 OV N 0

Figure 1.46.

A graph of a shift cipher.

123456
ABCDEF

7 8 91011121314 151617181920 212223242526
GHI JKLMNOPQRSTUVWXYZ

Original position

a) Explain why this coding process is a linear function.

b) What is the meaning of the point (6, 10) in the coding context?

| ¢) Decode the number 16.

d) What equation represents the decoding process?

Suppose you graph ¢ =p + 5 as ¥; = X + 5 on a graphing calculator.

a) Is (3, 8) a point on the graph?

b) Is (3, §) a solution to the equation ¢ =p + 5?7

¢) In the context of coding, what is the meaning of the point (3, 8)?

d) Can a point not on a line be a solution to the equation used to
create the line?

a) The word secret was coded as MY W LY N. Write symbolic

equations for the coding process and the decoding process.

b) Describe how you found your answer in part (a).

Suppose you code using two steps, a shift (+8) followed by a shift

(+3). Describe or diagram how to decode.

. Are shift and stretch ciphers easy to decode? Explain.

Individual Work 1.4

Lesson Three
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Activity 1.5: Combination Codes

Shift and stretch ciphers are easy to encode and decode. But they are also
easy to crack because the coded messages have patterns that are easy to
detect.

Suppose you add another step. You might wonder if a process that
combines multiplication (stretch) and addition (shift) is better. Use what
you've learned about arrow diagrams, equations, graphs, and tables to
decide if a two-step coding process is effective.

B

code com@b{ineiﬁ Qajstretcﬁ and a kshiﬁ:{in‘ "

1. Code the following message using a process that stretches 2, then
shifts +3.

The FBI says to be silent.

2. The following message was coded with the same process. Decode it.
21 29 45 41 43 7 13 37 45 21 13 43

3. Is this coding model easy to code and decode?

In Questions 4 and 5, you decide if a stretch followed by a shift gives the
same results as a shift followed by a stretch. Also, you decide if two
different coding processes can give equivalent results.

4. Consider two coding methods:
Method 1 stretches 2, then shifts +1 (see Figure 1.47).

Assign Multiply ,
number by g Add1
Figure 1.47. /—‘*\1 Y
A two-step coding process, ~ Flaintext Coded
letter value

Method 2 shifts +1 first, then stretches 2 (see Figure 1.48).

Assi osifion Multip}
Process in Figure 1.47 % e %
in reverse order. Original Coded
letter value

Does changing the order give the same or different results? Justify
your answer.
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5. a) Use a graphing calculator to make a table for the process in

Figure 1.49.
Assign position Multipl
ngurgber Add 3 byg Y )
/——\\ /——-————\‘ Fagufe 149,
Original , Coded A coding process.
letter value

b) Use a graphing calculator to make a table for the process in

Figure 1.50.
Assi Multiply
v numg:r by /F Add 12
/—-——\‘ /—-——~\‘ /,o———\ Figurg 1.50.
Original Coded A coding process.
letter value

¢) Do the two coding processes give equivalent results? Explain.
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individual Worlc 1.5:
Stretching and Shifting

An algebraic expression is a collection of variables, constants, and
operations. 7y, 3x + 2, and 4(n — m) are examples. These
expressions are the building blocks of equations.

c=2p+3
expression expression

In Questions 1-11, you examine rules for algebraic expressions.

/ Two ~»e'x;jre:s:sﬂions are equivalent if they always give the
. same result. Two coding processes are equivalent if they
\_code all letters thesame way,

i

Consider a process that changes a plaintext letter to a position number
— followed by two mathematical operations: add 4 to the position number
and then multiply by 3 (see Figure 1.51).

Assign position Multip}
Figure 1.5%. number Add 4 by ; Y
A two-step m m /‘_—.—\ .
coding process. Plaintext Position Coded
letter number value

This process can be represented by the equation ¢ = 3(p + 4).

Notice the parentheses around p + 4. Parentheses ensure that addition is
done before multiplication. Without parentheses, the coder would see
the equation as ¢ = 3p + 4 and multiply first.

In Activity 5, you found that the order in which you do the operations
can matter. Operations in an expression are done in the following order:

a) Evaluate expressions within symbols of inclusion such as
parentheses. ‘

b) Simplify powers (apply exponents).
¢) Do multiplication and division as they occur from left to right.

d) Do addition and subtraction as they occur from left to right.
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Keep in mind these rules as you work with equations and expressions.

1. In (a)~(d), evaluate each expression.
a)7-3+9
b)10+5+3-4
c)4-(3-2%+5
d)2-(12-8)+1

2. For (a)—(c), write a symbolic equation for each coding process. (Hint:
Don't forget to use parentheses when needed.)

a) Add 6 to a letter’s position number, then multiply by 9.

b) Multiply a letter’s position number by 2, then subtract 5.

c) A stretch of +5, followed by a shift of 4.

3. For (a)—(c), describe the coding process that each equation represénts.

a)c=4p+1
b)c=4(p +1)
c)c=4p-1

In Questions 4-12, you see that order of
operations is also important to the decoding
process. The arrow diagram in Figure 1.52
shows how to reverse the operations in the
decoding process.

A symbolic equation for decodingisp = £ -4

or p =¢/3 — 4. Parentheses are not needed
because division is done first.

Suppose you code a position number by
multiplying by 2, then subtracting 3 (see
Figure 1.53).

The coding equation is ¢ = 2p ~ 3. The

decoding equation is p = 5—+2—-3- orp=(c+3)/2.

In the first decoding equation, the fraction bar
acts as a symbol of inclusion. In the second
equation, parentheses do the same thing. The
fraction bar and parentheses ensure that
addition happens before division.

Individual Work 1.5

CODING —*
Assign position Multipl
nunlijer Add 4 by‘g Y
T — /"‘"—"\\
Plaintext Position Coded
letter number value

LN R

Inter?ret osition  Subtract 4 Divide
number by 3
<—— DECODING
Figure 1.52.

An arrow diagram for coding and decoding.

. CODING —*
Assign
position Multiply
number by 2 Subtract 3
Plaintext Position : Coded -
letter number value
Interpret Divide Add 3
position by 2
number
<— DECODING
Figure 1.52.

Coding and decoding processes.
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4. The process used to code a message is “Add 1 to a letter’s position

number, then multiply by 2.” This process shifts before stretching.
a) Draw an arrow diagram for the coding process.
b) Write a symbolic equation for the coding process.

¢) Add arrows to your arrow diagram from part (a) that show the
operations in the decoding process.

d) Write a symbolic equation for the decoding process.

- a) Draw an arrow diagram for a coding process with a stretch of 2

followed by a shift of +5.
b) Add the decoding process to the arrow diagram.

c) Write an equation for the coding process and an equation for the
decoding process.

- One way to show that two expressions are equivalent is with

geometric representations. For example, you can use a square to
represent the variable and a circle to represent the constant 1. The
expression x + 2 is shown in Figure 1.54.

Figure 1.54,
A representation for . .

the expression x + 2.

a) Use squares and circles to represent a coding process that

stretches 2, then shifts 3. (Hint: first the variable is doubled, then 3
is added.)

b) Suppose you change the order of the operations in the coding
process. Use squares and circles to represent a coding process that
first shifts 3, then stretches 2.

c) Are the processes equivalent? Explain.

- Use squares and circles to show why the coding processes ¢ = 2(p + 3)

and ¢ = 2p + 6 are equivalent.

Question 7 is an example of the distributive property.

T

‘The Disti%’igbutive ‘?rbperty‘_ '

| Theproductofsand (b+ s

For example, 2(3p +7) = (2)(3p) + (2)(7) = 6p + 14.

Chapter 1 Secret Codes and the Power of Algebra Individual Work 1.5



10.

11.

. Use the distributive property or circles and squares to create

equivalent expressions with parentheses removed.
a) 5(p +5)

b) 4(2x + 3)

Q) 2(x+7)+2

. The squares and circles in Figure 1.55 represent a coding process.

Describe or diagram a decoding process.

OO0000

Consider the two-step coding process ¢ = 3p — 7.

Figure 1.55.
Representation of a
coding process.

a) Draw an arrow diagram for both the coding and the decoding
process.

b) Use your arrow diagram to write a decoding equation.

Each of these represents a coding process. Describe the steps for
decoding or make an arrow diagram for the decoding process.

b) c=2(p + 3)
d) e=5(p +2)

ajc=4p+1
c)c=3p-4 ,

In Question 11, you used words or an arrow diagram to represent the
decoding procedure. In Question 12, you do the decoding process
.symbolically by solving a two-step coding equation.

One example:
53=3p+5 Original equation
53 -5=3p+5-5 Subtract5 from both sides of the equation
48 = 3p Combine 53 - 5 to get 48 and 3p + 5 - 5 to get 3p
%8. = ?.3?3 Divide both sides of the equation by 3
16=p Divide 48 by 3 to get 16 and 3p by 3 to get p
Another example:
x+1)-4=17 Original equation
3x+3-4=17 Use the distributive property
3x-1=17 Combine 3 - 4 to get -1
3x-1+1=17+1 Add 1 to both sides of the equation
3x =18 Combine 3x - 1 + 1 to get 3x and 17 + 1 to get 18
%5 = % Divide both sides of the equation by 3
x=6 Divide 3x by 3 to get x and 18 by 3 to get 6

Individual Work 1.5
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12. Use symbolic procedures to solve each equation.

a) 36 =2x-10
b) 53 =5x+8

c) 2(x+7)=40
d) 3(x-6)=36

13. Suppose m = 5(n + 2) - 3.
a) What is the value of m when n = 87
b) Find the value of n when m = 67. What equation do you solve?

14. The following coding processes use division. Are they equivalent?
Explain.

Add 6, then divide by 2.
Divide by 2, then add 6.

15. You can use a graphing calculator to solve the equation 2x + 13 = 27.
Let V) = 2X + 13 and Y, = 27. Find the coordinates of the point at
which the two lines intersect. The x-coordinate is the solution.

For Questions 16-19, recall that in the coding process ¢ = p+3,pandc
are variables. 3 is a constant. It acts as a control number. Changing the -
constant gives a different equation with a parallel graph.

In a coding process with two steps such as ¢ = 2p + 3, 2 and 3 are
constants. Both act as control numbers. In Questions 16-19, you
investigate what happens to the graph when you change one or both of
the control numbers.

16. The equation ¢ = p + 3 represents a shift of 3 and no stretch. The
equation ¢ = 2p + 3 represents a stretch of 2 followed by a shift of 3.

a) Use the graphing calculator to graph both ¢ = p + 3 and
¢ =2p + 3. Describe how the graphs differ.

b) Predict how the graph of ¢ = 3p + 3 differs from the graphs
of the two equations in (a). (Write your prediction then use
the graphing calculator to check it.)

¢) How can you tell from a graph if a stretch was used in the
coding process?

17. Consider the coding processes'described by ¢ = 3p + 2 and
c=3p+5.

a) Without graphing, predict how the graphs are similar and
how they differ. Test your predictions by graphing.

b) Do these processes code any letters the same? How do
you know?
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18. Compare the coding processes ¢ = 3p + 2 and ¢ = 2p + 2.

19.

20.

21

a) Predict how the graphs are similar. Graph both lines to confirm
your predictions.

b) Do these processes code any letters the same? How do you know?
¢) Doc=3p+2and ¢ =2p + 2 represent linear functions? Explain.

a) Suppose you code using the process ¢ = -2p + 4. What is the
change in the coded value when you move from one plaintext
letter to the next?

b) Predict how the graph of ¢ = -2p + 4 differs from the graph of
¢ =2p + 4. Use a graphing calculator to check your prediction.

A coding process is a function that matches or maps a plaintext letter
to another letter, number, or character. There are many other
processes that map or match a number from one set with one
number from another set.

Converting one measurement of length to another is such a function.
The ruler in Figure 1.56 measures length in centimeters on one edge
and inches on the other. One inch is matched to 2.54 centimeters.

Pr BRE } NEREEE E N N R [
0 1 2 3 4 5 6
Inches ’

Centimeters
4 1 2

3%(1%%?&%

Figure 1.56.
A ruler with centimeter

a) How is 3 cm coded as inches? and inch scaies.

b) How is 8 inches coded as centimeters?

A calculator with a list feature can be used to make a coding table
for ¢ = 4p + 5. First you must store the original position numbers
{1,2,3,...,26} as alist. Do the coding process in two steps by
multiplying the list by 4 then adding 5 (see Figure 1.57).

-
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Figure 1.57.
Coding with caiculator lists.

Lati=5

Use the lists to find the coded values for the letters in matrix.
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22. In Individual Work 1.3 you found that you can add two matrices if
they have the same dimensions. It is possible to multiply a matrix
by a given number. To do so, multiply each member by the number.
For example,

7 -3 67 [47) 4(=3) 4(6)] [28 -12 24
400 -5 1 |=[40) 4-=5) 4D)|=| 0 -20 4
1411 -8 [4(4) 4(11) 4(-8)] |16 4 -3

For (a) and (b), use the following matrices:

-5 8
M= ,N=[-8 12 34 -2].
2 -10

a) Calculate 5M.
b) Calculate ~1N.

¢) In Individual Work 1.3 you coded a message using matrices and a
shift cipher. In a similar way, you can code messages using
matrices and combination codes.

Use the steps below to code the word matrix with the coding process
c=4p+5. :
¢ Change matrix to position numbers.

* Enter the position numbers in the calculatorasa 1 x 6 or 2 x 3
matrix. Name this matrix [A].

¢ Make a matrix [B] with the same dimensions as [A] and that
contains all 5s.

¢ Do the matrix operations 4[A] + [B], and write the coded values.

ko S
S

I

3 —
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Activity 1.6: Crack the Code

1. Crack the message below. Use anything you have learned
about coding and decoding. Look for patterns that might give
away the coding process.

21 928 16 13 21 9 28 17 11 17 9 22 27 16 9 30 13 14
23292212931 933282311 2312 1321 1327279
1513 27 28 16 9 28 11 9 22 22 23 28 10 13 12 13 11 23
12 13 12 13 30 13 22 17 14 33 23 29 19 22 23 31 28 16
13 11 23 12 17 22 15 24 26 23 11 13 27 27

2. Explain the methods you used to crack the code. Or, if you
didn’t crack it, explain how you tried to.

If you didn't crack the code, perhaps you could use more
information. If you did crack the code, this part of the activity will
help you crack other codes.

3. Code breakers use statistics. They rely on the fact that some letters
are used more often than others.

a) Which letters do you think appear most in the English language?
b) Which letters do you think appear least in the English language?

Look at the table in Figure 1.58. It shows a frequency distribution
for letters of the alphabet.

E T N R I O A S D H L C F
0.130 {0.093 10.078 | 0.077 | 0.074 | 0.073 | 0.073 | 0.063 | 0.044 | 0.035 | 0.035 | 0.030 | 0.028

P (U |M | Y |G |W |V |B | X | XK 0O |7] z
0.027 |0.027 | 0.025 |0.019 | 0.016 | 0.016 | 0.013 | 0.009 |0.005 | 0.003 | 0.003 |0.002 | 0.001

Figure 1.58.

- The letters are listed by frequency. The number below a letter is
the fraction of the time that it appears in the English language.
The most common letter, E, is listed first, and the least common,
Z, 1s listed last.
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4. Here is a message coded with a combination code. Use Figure 1.58 to
help you crack it.

5 59 62 56 544 23 17 14 47 11 65 41 17 44 €2
11 5 38 38 17 14

62 26 17 68 47 77 44 29 11 26
41 5 44 65 59 11 56 29 50 62

26 559 20 47 29 38 17 14 11 47 14 17
11 56 5 11 35 17 56 59

59 29 44 11 17 29 62 59 14 29 59 11 47 68 17 56 77
47 68 17 56

62 26 56 17 17 26 65 44 14 56 17 14 77 17 5 56 59
5 23 47

5. Is a shift cipher easy to crack? Is a shift cipher a good coding
process? Explain. '

6. Are combination codes easy to crack? How do they compare to shift
ciphers?

7. Can you think of another coding process that might be better than
shift ciphers or combination codes?
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individual Work 1.6:
Code Cracking

1. This message was encoded with a shift cipher. Crack the code and
decipher the message. Explain your strategy and any assumptions
you make. :

253017 1925322421 343541 353621292117 19243541 29 18 31
28312236242129213535172321 392528281821 3421323421
3521303621201841173031362421343541291831283417 36
242134362417 3018411828 311927353122354129 18312835
173539313728201821362421191735212231341719 312021

2. Decipher the following message. Explain your strategy and
assumptions.

GRZNUAMNSGZNKSGZOIOGTYNGBKHKKTO
TBURBKJOTIXEVZUGTGREYOYLUXGRUTMZ
OSKOZCGYUTREOTZNKZCKTZOKZNIKTZAX
EZNGZSGZNKSGZOIYNGYHKKTVAZZUCUXQ
YEYZKSGZOIGRREOTZNKJKYOMTULIUJKYG
TJIOVNKXY

3. a) Crack the code. Decipher the coded portion of the quote below.

“Mathematicians have recently devised a system of coding
messages that allows you fo tell everyone how to code a message
without worrying that it will be deciphered by someone for
whom it wasn't intended.

602427 57 57 75 57 60 15 39 33 42 45 69 42 3 57 48 63 6 36 27 9 33
15759547548604521543482475348483627 155736543
429244518393602415393602795793363615124263396
15 54 60 24 15 45 54 75 to allow governments, banks, and others to
receive coded messages from anyone.”

b) Is this a shift cipher? How do you know?

Individual Work 1.6 Lesson Four
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4. What is “decor”? An answer to this question is shown below in
coded form. The coding process used was “Add 1 to a letter’s
position, then multiply by 2.” To make cracking the message harder,
the coder did not show the blanks between the words.

42 18 12 34 4 38 42 32 14 42 18 12 4 34 34 26 12 52 32 44
42 18 38 32 48 4 48 4 52

a) Decode the message.

b) What do the coded values have in common?
c) Explain why this occurs.

d) Describe other codes with this characteristic.

e) Give an example of a coding process for which all the coded
values are odd.

5. You get a message that was coded using

11
¢ =2(p + 1), and one of the charactersis a 7. 0o
What can you conclude? =5
> 6
6. a) You are trying to crack a coded message :5;) :
and you suspect that A, B, and C are 33
. . 1
coded as shown in Figure 1.59. How do S EYREE.
you think the letter D is coded? Position number
vvvvvv b) Write an equation for the coding process.  Figure'1.59.

Part of a coding process.
c) Write an equation for the decoding process.

7. Once you see a pattern
in the graph of a coding
process, you can write a
symbolic equation for
the process.

a) How do you find an
equation of a linear
function from its
graph?

b) Describe the coding
process represented

Coded Value
PO T O T R R Z0 O i O < S e N> w0 D i
AN RneNroBRRERAENREERNEREREEE 88

by the graph in
Figure 1.60.
c) What is the equation
* for the coding

? 123456786 9101112131415161716192021222324 2526

process: ABCDEFGHI ] KLMNOPQRSTUVWXYZ
Original Position
Figure 1.60.
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8. Everyone in a company is given a weekly raise of $20.00. An arrow
diagram can be used to show this process (see Figure 1.61).

Add $20
T T Figure 1.61.
old salary New salary Arrow diagram for a salary raise of $20.00.

a) Use the arrow diagram to write a word eguation. Then use n for
new salary and s for old salary and write a symbolic equation.

b) If your new salary is $194, what equation can you solve to find the
old salary? '

¢) The company gives employees the option of taking a 5% raise
followed by a $10 increase. Draw an arrow diagram to represent a
5% raise followed by a $10 increase.

d) If you were an employee for this company which option would
you choose?

Option A: $20 increase
Option B: 5% raise followed by $10 increase

Explain your choice.

9. In The Adventure of the Dancing Men by Arthur Conan Doyle, Sherlock
Holmes believes the drawings of dancing men are more than just
sketches. He unlocks the secret of the dancing men and astounds
everyone. Perhaps you can decipher the secret characters as shown
in Figure 1.62. (In the story, Abe Slaney writes the messages to Elsie,
the wife of Mr. Hilton Cubitt.)

Figure 1.62.
The dancing men
coded message.

I IR DLW ST UL S

10. The preparation reading for Lesson One has a coded message. You
now have the tools you need to crack the code and decipher it. Do
s0.

IYPKPIIPCFPIQCBTDFEDCPIYPNTFIJTNNTQK
PITPCFBQIYPPQVKBFYKDQVLDVP
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Research Activity: Letter Pairs

In this lesson, you examined how often various letters occur in the
English language. Code crackers also look for patterns in letter pairs.
For example, in the words crackers, pattern, and letter the combination
er appears. ' :

¢ Which letter pairs do you think occur most often in the English
language? Make a prediction and write it down.

* Find a page in a book you are reading. Do a frequency study of
letter pairs. ~

* Do another frequency study on a different page. Compare the
results to those you found for the first page. ‘

Write a summary of what you discovered. Discuss how a code breaker
could use your findings to help crack coded messages.

If appropriate, display your results in a bar graph.
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Activity 1.7: Number Tricks

A magician’s number tricks are similar to coding processes. A number
trick has many steps and is designed to confuse the audience. Perhaps a
coding process with many steps will confuse the code cracker.

One of the questions you seek to answer is how the magician is able to
decode the final number quickly. Use your mathematical tools to find
out if patterns exist that are useful to the magician.

Here is a sample number trick.
 Choose a number.
Multiply the number by 3.
Add 4.

Multiply the result by 2.
Add 5.

Report your result.

1. a) Make an arrow diagram for the magic trick. Begin with “Choose a
number” and end with “Final number.”

b) Use mathematical tools to find patterns or clues used by the
magician.

c¢) Use the results of your search to describe how a magician can find
‘the original number quickly.

2. a) Pretend the magic number trick in Question 1 is a coding process
and code the word magic as numbers.

b) Decode the number 43.
3. Consider this number trick.

Pick a number from 1 to 10.

Add 1.

Add your starting number.

Subtract 6.

a) Make a table that shows the results for the starting numbers 3, 4,
7, and 8.

b) Make a graph using the pairs in your table.
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¢) Your four points should lie on a straight line. Use a straightedge
to draw the line. The graph should only show values from 1 to 10
on the horizontal axis because the number trick is limited to
numbers from 1 to 10.

d) Someone tells the magician that the ending number is 7. Use your
graph to find the starting number.

e) Someone tells the magician that the ending number is 2. Find this
on your graph. What is the starting number? Is this possible?

f) Suppose your graph represents a coding process rather than a
number frick. Decode the numbers 7 and 2. Do these values make
sense in the coding context?

4. The previous questions focused on coding and decoding a multistep -
process disguised as a number trick. This message was coded using a
multistep coding process. Check to see if it is harder to crack.

45 19 19 17 47 39 33 39 35 39 37 15 39 17 19 47 11 45 19 51
47 19 17 13 59 15 39 35 41 11 37 27 19 47 33 27 31 19 47 39
37 59 49 39 19 37 47 51 45 19 49 25 19 21 27 17 19 33 27 49
59 39 21 35 51 47 27 15 55 25 19 37 27 49 27 47 41 33 11 59
19 17 13 11 15 31 21 45 39 35 15 39 35 41 11 15 49 17 27 47
31 47

a) Try to crack the code and decipher the message. Use tables and
graphs when needed.

b) Describe how you cracked the code. Or, if you were unable to
crack the code, describe the methods you tried.

5. Is a multistep coding model a good one? Explain.
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individual Worlk 1.7:
The Magic of Algebra

Multistep coding processes are no harder to crack than two-step coding
P &P S : P &
processes. In fact, a multistep process can be thought of as a two-step

process in disguise. The disguise works well for the magician but not for
the coder.

There are many ways to show that a multistep process is equivalent to a
two-step process. One way is to write it symbolically. For example,
consider the expression 3(2x + 8) — 12.

3(2x + 8) - 12 Original expression

3(2x)+ 3(8) - 12 Use the distributive property
6x+24-12 Multiply 3(2x) to get 6x and 3(8) to get 24
6x + 12 Combine 24 — 12 to get 12

So the expressions 3(2x + 8) — 12 and 6x -+ 12 are equivalent.
1. Consider this number trick:

Pick a number.
Multiply by 2.
Add 8.
Multiply by 3.
Subtract 14.

a) Start by using x for the starting number. Follow the steps of the
magician to create an expression for the result.

b) Use the distributive property to remove the parentheses and find
an equivalent expression.

2. Use the distributive property to change each multistep coding
process into a two-step coding process.

a)c=305p+4)-6
b) c=2(2p +12) + 15
c)c=5p+3)-9
d)c=8(10p-3)-12
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3. Consider this number trick:
Pick a number.
Multiply by 4.
Subtract 2.
Multiply by 3.
Add 10.
a) Draw an arrow diagram for this trick.
b) Write a symbolic equation for the steps of this trick.

¢) Suppose the final number is 64. Find the original number. What
equation do you solve?

4. Here is a number trick:
Pick a number.
Multiply by 2.
Add 6.
Divide by 2.
Subtract your original number.

a) Try this trick with three different numbers. Record the results
in a table.

b) Write an equation for this trick.
¢) How does this trick differ from others you have seen?
d) Is this number trick process a function? Explain.

5. Show that the equation ¢ = 3(p + 1) + 6 is equivalent to the equation
c=3p+9.
6. Consider this number trick:

Pick a number.

Double it.

Add 1.

Double the result.

Add 1.

Double the result.

Add 2.

Divide by 8.

a) Model the trick with an equation.

b) What would the magician do to find the original number?

Individual Work 1.7 Lesson Five



7. A number trick or coding process is described by y = 3(5x + 4) — 6.
Write an equation for the decoding process.

8. a) Find a two-step coding process to match the graph in Figure 1.63.

2
2
23
2
2
o O
BT
—é 18
=k
T B
T ou
13
U o

1
10

Figure 1.63.
Part of a coding process.

R U1 VN 00

12345678910
ABCDEFGHI ]

Original position

b) Find a multistep (three or more) coding process to match the same
graph.

9. Write a multistep process that is equivalent to the given two-step
process. ‘

a)c=2p+5
b)c=5p~15
¢ y=05x+1

10. Can you design a multistep process that makes the resulting number
identical to the beginning number? If yes, give an example. If no,
explain why not.

11. Write a multistep coding process that codes the word computer as
14 50 44 53 68 65 20 59.
12. a) Use a squaring process to code the word square as numbers.

b) Theword 9 225 16 25was coded using a squaring process.
Decode it.
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